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Abstract: Arc teeth semi-rolled cylindrical gears in the conditions of unbraced machine
bodies have a higher load capacity, durability and reliability as well as the ability to
compensate for the shaft axis twist angle by self-adjustment of one of the wheels compared
to straight and helical teeth gears. In the article, the study object is the arc teeth semi-
rolled cylindrical gear. The wheel arc teeth are cut using the single division method
without generating with the cutting head, the generating surface of which is a straight
circular cone. The gear arc tooth flank is an envelope of the wheel teeth flanks family at a
given relative movement. The semi-rolled version of arc teeth cylindrical gears allows to
significantly simplify the technological process of cutting wheels and producing gears with
large gear ratios. Mathematical models of wheel and pinion arc teeth flanks forming
processes have been built for a semi-rolled cylindrical gear. Dependences for calculating
principal curvatures of the wheel and pinion arc teeth flanks have been obtained.
An algorithm and a program for calculating the coordinates of the points of the active path
of action in arc teeth meshing and principal relative curvatures at these points have been
developed. The problem of determining the size of the contact pattern in the studied gear
has been solved. Calculations to estimate variations in the position of the active paths of
action and the sizes of the contact pattern with varying the wheel and pinion axes twist
angle and variations of the principal relative curvatures in the longitudinal and profile
directions of the arc teeth at the points of active paths of action have been performed.

Keywords: semi-rolled cylindrical gear; arc teeth; teeth flank curvatures; lines of action;
principal relative curvatures; contact pattern

1 Introduction

Cylindrical straight, helical and double helical teeth gears are the basis of most
modern machines and mechanisms. The theoretical meshing contact in these gears
occurs along the line. In the transmissions of tractors, locomotives, coal-mining
and other energy-intensive machines, cylindrical gears are mounted on projecting
shafts. In gear operations, deformations of shafts and bodies lead to misalignment
of teeth in meshing, their edge contact, and a multiple reduction in the service life
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of gears. An effective way to increase the loading capacity and durability of
cylindrical gears under the specified operating conditions is to use arc teeth
(Figure 1). Arc teeth meshing may provide a linear, locally linear and point-to-
point contact of the tooth flanks. Optimization of the geometry of these gears
makes it possible to skip shifting the contact area to the edge of the tooth in the
gear operation under teeth misalignment. The increased bending strength of arc
teeth and the possibility of compensating for the twist (misalignment) angle of the
teeth by self-adjustment of one of the transmission elements indicate the
effectiveness of using arc teeth cylindrical gears in the drives of modern energy-
saturated machines.

Figure 1
Arc teeth cylindrical gears

Currently, a number of methods are proposed for cutting generating cylindrical
gear wheel arc teeth, which differ in the used tools and forming movements [1, 2,
3, 4]. The helix angle of the arc tooth in its midsection is equal to zero. Arc teeth
cylindrical gear meshing in the proposed methods is based on the counterpart rack.
In [1, 5, 6], variants of cutting cylindrical wheel arc teeth with circular cutting
heads by means of generating with single division on CNC machines are
considered.

The methods worked out for cutting spiral teeth of generating bevel gear wheels
are the basis of most of the above methods [7, 8]. For mass production of bevel
gears, it has become possible to reduce the cost of their manufacture by switching
to a semi-rolled gear option [9, 10]. The wheel arc teeth of such a gear are cut with
a cutting head without generating at a single division. Gleason specialists have
developed the FORMATE and HELIXFORM methods in this area. Despite the
more difficult task of finding the optimal geometry [9, 10], the technology of
manufacturing such bevel gears is more advanced.

The analysis of the works related to the study of geometry [1, 2, 3, 4], contact and
bending strength and durability [1, 11, 12] of arc teeth gears shows that all of them
are dedicated to generating cylindrical gears. The models of forming arc teeth
flanks for semi-rolled cylindrical gears are considered in the works [13, 14]. Prior
to this work, the issues of calculating the geometric characteristics of the arc teeth
contact (the coordinates of the contact points in different meshing phases, the
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principal relative curvatures at the contact points, and the size of the contact
pattern) in meshing of the semi-rolled cylindrical gear have not been considered.
The noted geometric characteristics of arc teeth meshing are necessary for
developing a calculation method for contact loading and load-bearing capacity by
the value of the transmitted torque of arc teeth cylindrical gears.

2 Forming the Semi-rolled Cylindrical Gear Wheel
Arc Tooth Usable Flank

According to the methods of forming semi-rolled bevel gears [9, 10], in the
manufacture of semi-rolled cylindrical gears, the arc teeth of the wheel are cut by
the single division method without generating with a cutting head, the generating
surface of which is a straight circular cone. In this case, the usable flank of the
wheel arc tooth will also be the surface of the straight circular cone. Forming the
usable flank of the pinion arc tooth is implemented on the basis of the generating
wheel. The flank of the arc pinion tooth is the envelope of the flank of the wheel
tooth at a given relative movement of the wheel and pinion in the transmission.
Modern four-axes CNC machines allow implementing this method of cutting arc
pinion teeth [5, 6]. The transmission formed according to this scheme, in the
absence of errors in the relative position of the pinion and wheel, is matched
(theoretically accurate).

We describe the generating surface of the cutting head (straight circular cone) in
coordinate system Sp(xp, Yo zp) rigidly connected to it (Figure 2), as follows

[13, 14]:

x, =cos9(u-sina, —r,, )i y, =u-cose, ; z, =sindlu-sine, -r,,). (@)
where: U, & are linear and angular parameters of the generating surface; «, is a
basic profile angle; ly2 is a calculated radius of the cutting head rotating around

axis Y, of coordinate system S (x,,y, z,)-

Taking into account the way of forming the usable surface of the wheel tooth,
radius-vector T (x,,y,z,) is to be written into the coordinate system

S,(X,,Y,2,), rigidly connected to the wheel:
FZ = '&Z,p . Fp’ (2)

where: ,&va is a fourth-order matrix describing the transition from coordinate

system S (X,,y, z,) to system S,(x,,y,2,), the elements of which are
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determined in accordance with Figure 3; T, , Fp are columns matrixes made up of

vector radii coordinates 1, and r, respectively.
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Figure 2
Cutting head generating surface

Yz

Figure 3
Coordinate systems to define elements of matrix A2 b

Matrix ,&Zyp has the following form:

1 r

00 r,
~ fo 1 0 R,

- w 3
Po=lo 01 o

000 1

where: R, is the radius of the pitch circle.

We find the projections of the wheel radius-vector F,(x,,y, z,) based on (1) and
(3), opening equation (2):

X, =008 9u-sinay —1,, )+ 150 ¥, =U-C0Sa +Ryy; 2, =sindlu-sine, —1,,). (@)
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Projections m,, , m,,, m of the flank normal unitary vector (4) have the form:

212
m,, =C0sq, -c0sd; m, =-sing,; M, =Cosq, sing. (5)

Expressions (4) and (5) describe radius-vector T,(x,,Y,2,) and normal unitary

vector m,(m,,,m,, ,m,,)of the usable flank of the convex side of the wheel arc

2y
tooth in coordinate system S, (x,,Y,2,) -

From the theory of spatial gearing by meshing, it is known [7], that to determine
the law of stress distribution over the contact area in meshing during the torque
transmission, it is required to be able to calculate the gap at the point of contact of
the teeth usable flanks. This gap is accurate to the values of the second order of
smallness in main directions to determine the principal relative curvatures
calculated at the point of contact of the tooth flanks. To calculate the principal
curvatures of the arc teeth flanks and principal relative curvatures in meshing of
the semi-rolled cylindrical gear, we use the methods developed in the theory of
spatial gearing [7]. Following these methods, for the arc wheel teeth flanks,

curvatures (K ) are determined based on the ratio:

dm, =—k -dr,, (6)
where: m, is the normal unitary vector of the arc wheel tooth flank (5); 1, is a
radius vector of the arc wheel tooth flank (4).

Differentials of vectors m, and T, by parameters u and 9 have the form:

dm, =m,,du+m,,d$; dr, =1,,du+1,,d9. (7
Here, the indices U and ¢ indicate the partial derivative by parametersu and &,
respectively.

Based on dependencies (7), we present expression (6) in the form:

m,, du + m,,d 9 = —k(F,,du +F,,d ). ®)

This vector equation is equivalent to two scalar equations since vectors dr, and
dm, lie in the tangent plane. Projecting these vectors onto axes X, and Z, of
coordinate systems S,(X,,Y,Z,)rigidly connected to the wheel, we get two
scalar equations:

M, du +m, ,d8 = —k(x,,du + X,,d9); m,, du+m,,,d9 = —k(z,,du + 2,,d9). (9)

2xu 22u

The system of two linear equations (9) is transformed to a quadratic equation,
referred to K , of the following form:

k?-A +k-B,+C, =0, (10)
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where: Az = Ly Xog — LygKoy s Bz =2 Mg + XogMyyy =My Zog — My, g Xy s

C,=m,,m, ,—m,,m,, , indices uand 4 of projections on the axis of coordinate

system S,(x,,Y, z,) of vectors T,and M, mean partial derivatives by parameters
uand 4.

Differentiating expressions (4) and (5) by parameters u and %, we define:

X, =COSISin ey, ; zZ,, =singsing,; X,g =—SIN S(U-sinao—rgz);

zzszcos.sl(u-sinao—rgz); My, =0; m,,=-Cosa,sing; m,, =0;

2zu

m,,, = C0S ¢, COS G .

Substituting these expressions in equation (10), after solving it, we obtain the
dependences for the principal curvatures of the arc wheel flank:

k,, =—Ccosa, /(u -singy, — rgz) and k,, =0. (11)
At the calculated point of the wheel tooth flank (U =0), formulas (11) are
simplified:

ky =cosa, /1y,, Ky =0. (12)

3 Forming the Semi-rolled Cylindrical Gearing Gear
Arc Tooth Usable Flank

To determine the usable flank of the concave side of the pinion arc tooth, we use
the fact that it is a one-parameter envelope of the family of wheel tooth usable
flanks in a given relative motion - the rotation of the pinion and wheel with

constant gear ratio i* =z, /z, =const; z,, z, are the numbers of the pinion and
wheel teeth.

Using the methods of the spatial meshing theory [7, 13, 14, 15], we write the
equation of the pinion tooth usable flank in the form:

LU30) = AL ()G U9 FU8,0,)=0. (13)
Here: '&1,2 (¢,) is a fourth-order matrix describing the transition from coordinate
system S,(x,,Y,Z,) to coordinate system S, (Xx,,Y, z,) rigidly connected to the

pinion (Figure 4); @, is the angle of the wheel rotation when forming the pinion

tooth flank, associated with the angle of its rotation ¢, through gear ratio i

¢1:i*'¢2=(z;'¢2)/21*' (14)
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The meshing equation [7, 13] is the last written in (13).

Using Figure 4, we define elements &, i:ﬂ; j :1,_40f matrix ;\1’2 (p,):

ay =CoS(¢p, +¢,); 8y, =SiN(¢ +¢,); a5, =0; 8, =—a,,sing;

ay =—SiN(@, +¢,), 8, =C0S(p, +9,); 8, =0; a,, =—a,,Ccos¢,; (15)
8y =8y =8y =8y =8, =8,; =0; 8z =2a,, =1,

where: a, - is the center distance in the machine meshing of the pinion and the
generating wheel.

¥
. o Y1\,
1z 0 14 vy

%, ¥, /

Fea
\7 3 R, ¥, s

Y4

Figure 4
Coordinate systems to define elements of matrix A, , (@,)

Opening matrix equation (13) with respect to (4) and (15), we find the expressions
for radius-vector T, (X,, Y, Z,) projection of the usable flank of the pinion arc

tooth: X, = A-cos(e, +¢@,)+B-sin(p, +p,) —a,, -Sing,;
y, =—A-sin(p, + @,) + B-cos(p, +p,) —a,, -CoSe; (16)
z, =sin S(U-sin a, —rgl),

where: A= cosl9(u -Sine, — rgl)+ My B=u-cosa, +R,,.

To obtain the meshing equation we use the method described in [13, 14],
according to which, the meshing equation is written in the form:

fude)=V, -m=V,-m, +V, -m, +V -m, =0, 17

where \7(/) is the vector analog of the relative speed, m, is the normal unitary
vector of the generating wheel arc tooth flank (5).
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Projections Voo Voyo Yy, of radius-vector \7{/) are calculated according to the
expression [13, 14]:

vV, =C¢-F2. (18)

Here: 6(/} = Kf; % is the fourth-order matrix of the relative speed analog; \7¢,
' ?,

is a column matrix composed of projections Vo VoV,

After differentiating elements (15) of matrix '&1,2 (p,) by ¢, with respect to (14)

based on the expression for matrix 6{/) (18), we obtain the following formulas for

its elements ¢, j=14:

=0, ¢, =@Q+i"); ¢3=0; ¢, =-a,-i -C0SQ,;

Cu=—(+i"); =0, ¢x=0; ¢, ==8,-i -sing,; (19)

Cy =Cqp =C3=C44 =0, ¢y =¢4 =Cy=Cy =0.

Having the dependencies (19) and opening the matrix product (18) taking into

account (4), we define expressions for radius-vector V , projections:

V,, =(+i)-B-i"-a,-cosp,; V,, =(1+i)-B-i -a,-sing,; V,, =0,  (20)

4

substituting which in equation (17) jointly with expressions (5) and (16), we
obtain the meshing equation in the following form:

fu,%e,)= u-cosS-(1+ i*)+ cos a, -cosS-[RZW -(1+ i*)—i* ‘A, -c03¢2]+
+sina -[1+i") 1, -(L—cos9)—i" -a,, -sing, |=0. (21)

This equation can be presented as analytically resolved or with respect to
parameter U :

~ COSaOcosS[RZW(1+i*)—i*awsc05¢2]+sina0[(1+i*)rgl(l—coss)—i*awssingoz] 22)
o (1+i")cos 9

or with respect to the parameter @, :
@, = arcsin(— C,/{A>+B; )—5 : (23)
where: A =-i"-a, -sinay; B, =—i"-a,,-C0Sa,-C0SI; & = arcsin(Bu A2 +B? );

C, =U-c0s9-(L+i")+cosa, c0s9- R, (L+i")+sinez, (L+i")- ry-(l-cos9).
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Dependences (16) jointly with equation (21) fully describe the geometry of the
usable flank of the concave side of the arc pinion tooth (13).

Projections, m,,, m,,, m,,, of the normal unitary vector of the usable flank of the

1y’
arc pinion tooth are determined based on the matrix equation:

rﬁl(ullgv(Pz) =A, ((Pz)mz u,9). (24)
Opening the expression (24) based on dependences (15) and (5), we find:

m,, = cos(¢, + @,) oS, COSJ—sina, sin(e, + @, ) ;
m,, =—sin(g, +¢,)cosa, cos$—sin &, cos(¢p; + ¢,); (25)

m,, =C0Sq,sSing.

We obtain formulas for calculating principal curvatures of the pinion arc tooth
flank the way we did previously for the wheel arc tooth flank. To solve this
problem, we use dependence (6) in the form:

dm, = —k - df, (26)

where: m, is the normal unitary vector of the arc pinion tooth flank (25); T; is the

radius-vector of the arc pinion tooth flank (16). The flank of the pinion tooth is the
envelope of the family of wheel tooth flanks and depends on three parameters: u,

¢ and ¢, , associated by the meshing equation (21). In this case, the differentials
of vectors m; and F; by parameters u, $ and ¢, have the form:

dm, =m,du+m,dg+m, de; di =7,du+f,d3+7 do, (27)
and dependence (26) takes the form:
m,,du +m,,d9+m, dp = —k(F,du+F,d9+F, ). (28)

Vectors dr; and dm, lie in the tangent plane. We project them on axes x, and
z, of coordinate system S (x,, Y, z,) rigidly connected to the pinion, and take into

account that parameters U, $ and @,are associated by the meshing equation
(21). As a result, we obtain the following system of three scalar equations:

M, U+ My, ,d G+ my, de = —k(x,du+ x,d 9+ x, do);
m,, du+m,,dg+m, do= —k(z,,du +27,,d9+ zwd(p); (29)

f,du+ f,d9+f dp=0,

where: f

u!?

fg, f,are partial derivatives of the meshing equation (21) by

parameters u, gand @, .
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Based on the third equation of the system (29), we have d¢=—(fudu+ f3d3)/ f,
after which the system (29) is transformed to the form:
f, (my,, +K-x,)du+ f (my,, +k-x,)—(m,,, +k-x,)(f,du+ f,d3)=0;
f,(my, +k-z,)du+f (m,, +k-z,4)—(m,, +k-z,)(f,du+ f,d9)=0. (30)
Following the theory of differential geometry, to determine the values of principal
curvatures, it is necessary to equate the determinant of the system of equations
(30) to zero
flp(nllxu+k'xlu)_fu(ml><(p+k'xl(p); f(p(nllx|9+k‘xl.9)_f&(mlxw-lpk‘xlfp); -0 (31)
f¢(mlzu +k- Zlu) - fu(rnlzqz +k- 21(/;); f(p(ranS‘ +k- 219) - f&(rnlz¢ +k- Zl(ﬂ);
and solve the resulting quadratic equation relative to k .
After the transformations, equation (31) has the following form:
W, k% + (W, +wW,) -k +w, =0, (32)
where:
f, f, f, ff, f

Wy =Xy X Xls Wo =My, My, M

Ly Lig 4, Zy, Zg Zy,
£, f, f, i, f

Ws = Xy, X9 X, W, =|m
m

m

@ ; 1xu mlxs le(p ’ (33)

lzu mlzs le(p 1zu mlz.9 mlz(p

Similar formulas can be obtained using the normal unitary vector and radius-
vector of the generating surface, in this case, it is the radius-vector of the
generating wheel surface (4) and its normal unitary vector (5). In this case, the
calculations are simplified, and the coefficients of equation (32) have the form:

f. fo f, f, f, f,
W= Xoy  Xpg V(/)X v W =My My Wl
Zyy Iy V(pz Zy, Zyg Vng
f, f, f, f, f, f,
Ws = | Xy X29 ox|i Wi =My My PX (34)
mZZu mZzS ¢z mZzu m22.9 W(pZ
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Here: f

parameters u, ¢ and @,; X

fy, f, are partial derivatives of the meshing equation (21) by

ul
i Xogr ZoyZ,, are partial derivatives by
parameters u and 9 of the radius-vector projections (4) on axes x,and z, of

coordinate system S,(X,,Y,,2,); V(pX and V(pZ are vector-analog projections (20)
of the relative speed on axes x, and z,; W, W, are projections of the vector-
analog of the angular velocity on axes x, and z,; m,, ,m,,, M m,,, are

partial derivatives by parameters u and & of projections of the normal unitary
vector (5) of the surface (4).

2zu?

Projections w, and w,_, are calculated based on the same expression (18):

- 9~ . ~.d ~
W,=C,-M,=A Ao -m, (35)
do,

opening which on the basis of (19) and (5), we obtain:
w,, =—(1+i")sing,; w,, =—(1+i")cosa, cosd; w,, =0. (36)

The dependences for calculating the remaining elements of the determinants (34)
have the form:

f, =@+i")cosg; f,=i"-a,,(cosa,cosIsing, —sing, cosp,);
f =—u(1+i*)sin19—c05050sin&l[RW2 (1+ i*)—i* ‘A cos%]+(1+i*) rysing,sing;

=0; (37)

2Xu

X,, =C0SFsine,; X,, =—Sin 8(usin a, —rgz); m
Myyg =—C0SQ,SING;  Z,, =sindsine,;  z,,=cosg(usina, —r;,); My, =0;

m,,y =C0S, €08 J; V,, =(1+i )(ucose, +R,,)—1 -a,,-cosg,; V,, =0.

We open the expressions (34) with respect to (37) and find:

W, = fs 'Vgax "Ly t f(p(XZu Loy~ X ZZu)_ fu 'Vgox “ZLogs
W, = fg Wy Zoy — f(/) Myyg*Zoy — fu "W Zyg: (38)

u

W; = mzz.g(f,p “Xou — fu 'V@(); W, :_fu "My - W,

X"

As a result, we solve the equation (32) based on (38) and obtain the following
expression for calculation of principal curvatures of the pinion tooth flank:

the curvature by the length of the tooth is

Ky = [— (W, +w,) =/ (w, +w, )? —4-wl-w4:|/(2-wl)- (39)
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the curvature by the profile of the tooth is

ky, = [— (W, + W)+ /(W +w, ¥ —4-w, 'W4J/(2-W1)- (40)

At the calculated point of the pinion tooth flank: u=0, $=0 and ¢, =¢, =0.
For these values the formulas (39) and (40) are simplified and have the form:

ky =—C0S@, /1,55 Ky =—(L+i"f 1", -sina,). (41)

4 Calculation of Contact Points Coordinates of Wheel
and Pinion Arc Teeth Flanks in Meshing

Meshing semi-rolled cylindrical gear arc teeth is matched in the absence of errors
of manufacturing and the wheel and pinion relative position, based on the pinion
teeth forming method. Teeth meshing occurs in linear contact conditions.
To exclude the edge contact that occurs due to errors in manufacturing teeth, it is
localized in the longitudinal direction of the tooth. The gear remains matched, and
the contact of the active flanks of the pinion and wheel teeth occurs in the tooth
transverse midsection where the helix angle is zero. In the case when the gear
operates under errors in the relative position of the wheel and pinion, their
meshing becomes approximate with the teeth point contact.

The problem of determining the coordinates of the contact points of the active
flanks of wheel and pinion arc teeth, installed with errors in their relative position,
is an inverse problem of the meshing theory [7, 9, 14]. Knowing the coordinates of
the contact points is required to solve the problem of calculating the contact
loading of the gear. To solve the inverse problem, expressions of the radii-vectors
and normal unitary vectors of pinion and wheel arc teeth flanks are required.

Based on the dependences (4), (5), the projections of radius-vector F22 (u,,9,)
and normal unitary vector m7(4,)of the arc wheel tooth flank in coordinate
system S, (X,,Y,Z,) (superscript "2" in the designation of vectors) rigidly

connected to the wheel, have the form:

xz(u2,92)=cossz(u2 -sinao—r92)+ lyoi Y2(Uy)=U,-C0Say +R,,: (42)
z,(u,,9,) =sin .92(u2 -sina, —rgz),
m,, (%) =cosa, -cosd,; My, =—SiNay; m,(9,)=cosa,-sind,. (43)

where: u,, 9, are linear and angular parameters of the wheel tooth flank.
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Projections of radius vector ;*(u,,%,¢,) and normal unitary vector m,' (4, ¢,)
of the pinion tooth flank in coordinate system S, (x;,y, z,)rigidly connected to

the pinion, taking into account the formulas (16), (21) and (25), are described by
the following expressions:

X (U, 3, ¢,) = A-cos(p, +¢,) +B-sin(p, +p,) —a,, -Sing;
Y, (U, 8, ¢,) =—A-sin(p, +@,) +B-cos(p, +¢,)—a,, -COS@;; (44)

z,(u;,4) =sin Sl(ul -sing, — rgl),

f(u,9,0,)=U,-cosd -(1+i)+cosa, -c0s Y - [R,, - (L+i)-i-a,, -cosp, |+

. : . . (45)
sinay -[L+i)-r, - (L-cosd)-i-a, -sing,|=0,
z,(u,,8,) =sin Sz(uz -sina, — rgz),
m,, (3, ¢,) = cos(p, + @,)CoSx, C0s Y, —sin, Sin(p, +@,) ;
my, (%, ¢) = —sin(e, +¢,)Cosa, C0s Y, —sina, Cos(¢, +@,); (46)

m,, (&) = cos, €os Y, .

where: A= cosl91(ul -sina, — rgl)+ s B=U;-Cco0sa; +R,,; U, & are
linear and angular  parameters of the pinion tooth  flank;
@, =i -p,=(2,-¢,)/ 2, is the angle of rotation of the pinion (14) during
forming the arc tooth flank on the base of the generating wheel.

The movable links of the gear — the pinion and wheel — rotate around axes z,, and
z,. The pinion and wheel are associated with coordinate systemsS,(x,, Yy, z;)

and S, (x,,Y,z,). We assume that the starting point of rotation angle y, of the

k ™ movable link (k =1,2) in operating meshing corresponds to the position of
axis y, , (k =1,2) in the axial plane of the gear. The relative position of the pinion
and wheel in working meshing (in the absence of rotation) is set by center distance
Ay which differs from the machine distance (a,,) by the value of +da, and

teeth twist angle y .

To study semi-rolled cylindrical gear arc teeth meshing, we determine the position
of coordinate system S,(x,,y,z,) relative to system S, (x,,y, z,) using the

d |, ij =1,_4. The elements of

fourth-order transition matrix 61,2('/’1"//2) :‘

i
this matrix have the form:
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d,; =Cosy, cosy, —siny, cosysiny,; d,, =CoSy, Siny, +Siny, COS ¥ COSy,;
dyg =siny;siny; d, =-a,siny,; d, =-siny, cosy, —CoSy, COS ysiny,;
d,, =—siny; siny, + Cosy, CoS y Cosy, ; d,, =CoSy, Siny ; (47)

d,, =—a,,Co8y;; dy =sinysiny,; d; =-sinycosy,; dj; =cosy;
dy =0; d,=d, =d,; =05 dg, =1.

With y=da, =0, the elements of matrix 51,2('/’1:%”2) (47) when y, is replaced by

@, and y, is replaced by ¢, coincide with the elements of matrix ,&1’2(%,%)
(15). If the function of changing positions of the gear parts

v, =v,(w,) (48)

at given values y and a,  is known, then matrix 51,2(;//1,1//2) describes the
relative movement of the wheel and pinion during the gear operation. In the
nonenveloping gear, the law of parameter y, variation is established after

determining the contact points of the active flanks of the pinion and wheel teeth
within the single-contact mesh. According to studies [7, 9, 14] of the meshing
theory, the contact point on the active flank of the pinion tooth for a fixed value of
its rotation angle (y, =const) is determined by solving the inverse meshing

problem [7, 9, 14], the mathematical description of which is the following system
of equations:

Fll(ulv'91:¢1) = 61,2(V/1'V/2)F22 U, %);
rﬁll(up‘gl’?”l): Dl,z(l//lll//z)ﬁ]zz(uzv‘gz); f(u,%,¢)=0. (49)

Here, the superscript defines the coordinate system in which the vector projections
are calculated; T,°, M. are columns matrixes made up of the coordinate
projections of radius-vector FZZ (42) and normal unitary vector mzz (43) of the
wheel tooth active flank in coordinate system S,; F;*, m; are columns matrixes
made up of the coordinate projections of radius-vector Fll (44) and normal unitary
vector mll (46) of the wheel tooth active flank in coordinate system S, ;
f(u,,9,p) =0 is the equation of meshing in processing the pinion teeth flanks
(45).

The system (49) corresponds to the conditions of the correct contact of the pinion
and wheel teeth active flanks and is equivalent to six scalar transcendental
equations (the equality of normal unitary vectors only gives two independent
equations) with seven unknowns u,, 9, ¢,, U,, %,, ¥, ¥, .
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X, (Uy, 03, 0,) =y (W1, 175)%, Uy, 0) + 03, (3, 15) Y, (Uy) + 035 ()2, (U, &) + Ay (1)
Yo (Up, &, 0) = Aoy (1,0,) %, (Uy,0,) + Ay (W,1,) Y, (Uy) + g (1) 2, (U, &) +dy, (1)
z,(uy, ) =dg (W,)%, (Uy,0,) +dsy (W,) Y, (U,) +dgs () 2, (U,, ) +dg, 5 (50)

m, (0, @) =d;, (w1, w,)M,, (v,) +dy, (l//l'l//Z)mZy +di; ()M, (%)
my, () =y (w,)M,, (v,) +dy (V’z)mZy +dum,, (%), f(u,9,¢)=0.

To determine the coordinates of the contact point of the pinion and wheel teeth
flanks with specified errors of the relative position (Ja,,, y ) of the pinion and the
wheel, it is sufficient to fix the meshing phase (y, =const) within the pinion
tooth spacing angle and solve a system of six transcendental equations (50)
relative to the unknowns u,, 4, ¢, U,, 9,, y,. Taking into account that
meshing equation f(u,,8,¢,) =0 is solved analytically (22) with respect to
parameter u,, five transcendental equations remain in the system (50).

The solution of the system (50) is performed numerically using the program
developed in MathCad with y, =y, = const . Finally, the values of parameters:

u,, 9, o, u,, %, w, are determined, knowing which allows calculating the

projection of the contact point on the wheel and pinion arc teeth flanks using
formulas (42) and (44).

To calculate the loading of the contact in meshing arc teeth, it is necessary not
only to have the coordinates of the contact point of their flanks, but also the values
of the principal relative curvatures at this point. These curvatures characterize the
size of the gap between the contacting flanks of the arc teeth up to the value of the
second order of smallness in the differential neighborhood of the contact point.

The principal relative curvature in the longitudinal direction of the tooth (k ,)
based on the dependences (11) and (39) is calculated as follows:
kpl = k21 - k11’ (51)

where: k,, =—cosq, /(u; -sina, — rgz).

To determine value Kk, by the expression (39), we use the formulas (37) and (38),
in which we adopt u=u;, v=v; and ¢, =g, .

The principal relative curvature in the profile direction of the tooth (kpz) is the

difference between k,, =0 and ki, :

Kpz =Ky —Kp ==Ky (52)

p2
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where, by analogy with the expression (51), when calculating by the formulas
(37), (38) and (39), we adopt values k,, as follows: u=u;, v=o,, and

(/72:€0;'

5 Study of Geometric Characteristics of Semi-rolled
Cylindrical Gear arc Teeth Meshing

Based on the built mathematical models for calculating geometric characteristics
of meshing semi-rolled cylindrical gear wheel and gear arc teeth, a program is
developed in the MathCad software environment. We regard the results of the
analysis of the active path of action position in meshing using this program on the
example of the study of a semi-rolled cylindrical arc gear, which has the following
parameters: z; =23; z, = 73; normal modulus m_ =10 mm; tool displacement

coefficients when cutting the teeth of the pinion y =0,44and the
wheel y,=0,042; tooth width b, =120 mm; ¢, =20°, radius of the pitch
circle of the pinion R, =116115 mm and the wheel R, =368540 mm,
center distance a, =a, =484,655 mm. All the calculations are performed for

two variants of contact localization in the longitudinal direction of the gear arc
teeth. In the first variant (high localization), to cut the concave side of the arc
pinion teeth and the convex side of the arc wheel teeth, circular cutting heads with
calculated radii of M = 220 mm and ry, =215 mm respectively are used. In the

second variant (the contact is close to linear) they are ry =220 mm and
r,, =218 mm respectively.

The calculation of the points of the active path of action in meshing arc teeth and
the principal relative curvatures in the longitudinal direction of the teeth at these
points allows estimating the position and size of the contact pattern reflecting the
contact point in the gear when generating the gear on the test machine [7].
Following the work [7], the contact pattern corresponds to the line of the level of

the gap occurring in the vicinity of the contact point of the flanks and calculated
by the formula:

A=0,006,/m, . (53)

Value A is associated with k , by the relationship:
A=k, 212, (54)

where: Z, is the half-width of the contact area.
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Combining (53) and (54), we obtain:

2, =[2- ATk, =/(0.012/m, ) /K, - (55)

Expression (55) allows calculating the half-length of the contact area in each
phase of meshing the arc teeth and determining the size of the contact pattern
relative to the contact point.

Figures 5-6 show the results of calculating the contact pattern for gear 1 and gear
2 in the presence of the teeth twist angle y = 0.0015.

p=yx +y, mm

110
70 60 50 10 30 20 10 0 10 20 30 10 50 60 70

z,, mm

Figure 5
Active path of action and contact pattern in a cylindrical arc teeth gear (variant 1) at  =0.0015

Py =+l +y] , mm

120

110
~70  -60  -50 -40 -30 -20 -10 0 10 20 30 40 50 60 70
z,, mm

Figure 6
Active path of action and contact pattern in a cylindrical arc teeth gear (variant 2) at ) =0.0015

In the gear manufactured according to variant 2, the contact surface integrity of
the pinion and wheel teeth is higher than in variant 1. As a result, the width of the
contact pattern has increased and is =53% in the absence of misalignment. At the
same time, the sensitivity of the gear to the tooth flanks misalignment has
increased. The left border of the contact pattern at a twist angle of y =0.0015

already "goes" to the edge of the tooth (Figure 6), while the width of the contact
pattern decreases by =~20%, which will cause an increase in contact stresses.
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At a twist angle of ¥ =0.0021, despite the presence of contact between the tooth

surfaces, the width of the contact pattern is sharply reduced (by almost 50%).
The gear will operate essentially under edge contact conditions.

Conclusions

In this work, mathematical models of forming the gear wheel and pinion arc teeth
flanks have been built. Dependences for calculating principal curvatures of the
wheel and pinion arc teeth flanks have been obtained. An algorithm and a program
for calculating the coordinates of the active path of action points in meshing arc
teeth as well as principal relative curvatures at these points have been developed.
The problem of determining the size of the contact pattern in the studied gear has
been solved.

The calculated geometric characteristics of meshing gear arc teeth in the presence
of a twist angle of the wheel and pinion teeth in meshing are the basis for
calculating the loading capacity of the gear, which depends both on the position of
the contact points of the teeth in meshing, principal relative curvatures at these
points, and the maximum value of the twist angle of the teeth in meshing, when
the performance and durability of the gear are to be provided.

List of notations
S,(X,,Y, 2,) - coordinate system rigidly connected to the cutting head;

u, & - linear and angular parameters of the generating surface;
a,- basic profile angle;
Fy2™ calculated radius of the cutting head at wheel cutting;

S,(X,,Y,z,) - coordinate system rigidly connected to the wheel;

A, ,- matrix describing the transition from coordinate system S (x,,y, z,) to
system S, (X;. Y, 2,)

r,(X,,Y,2,) - radius-vector of a generating surface;

(X, ¥2,2,), My(my,,m,,,m,,)- radius vector and normal unitary vector of the

arc wheel tooth flank;
r,, f,- columns matrixes made up of coordinates of F,(x,,y,z,) and

FP(XP’ yP,ZP);
R, - radius of the wheel pitch circle;

m,., m, , m,, - projections of the normal unitary vector of arc wheel tooth flank;

2x ! 2y

dm,, dr, -differentials of vectors m, and T,;

m m m,_, - partial derivatives of projections

X2u ! ZZu ! X29 ! 229 ! m2xu ! 2x8 ! 2zu’ 229

of coordinate of vectors r,and m, by parameters u and ;
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K,,, K, - the principal curvatures of the arc wheel flank;
Z,, Z, - the numbers of the pinion and wheel teeth;

S, (X, Y, ;) -coordinate system rigidly connected to the pinion;

@, - the angle of the wheel rotation when forming the pinion tooth flank;

A ,(p,) - matrix describing the transition from coordinate system S,(Xx,, Y, z,)
to coordinate system S, (x,,Y,2,);
a,, - the center distance in the machine meshing of the pinion and the generating

wheel,
(%, Y,2)» m(my,,m,,m,) - radius vector and normal unitary vector of the arc

pinion tooth flank;
f(u,9,¢,)=0 the meshing equation;

v,- the vector analog of the relative speed;

C 0" the fourth-order matrix of the relative speed analog;
dm,, dr, - differentials of vectors m, and r;;

f,
u, $and ¢, ;

fy, f, - partial derivatives of the meshing f(u,4,¢,)=0 by parameters

Ky, Ky, - principal curvatures of the pinion tooth flank;

w,, v, the angles of rotation of the pinion and wheel in working meshing;
y - twist angle of teeth in meshing;

k

z, - semi-length of contact pattern;

o1+ K, - principal relative curvatures in arc teeth meshing ;

r,, - calculated radius of the cutting head at pinion cutting.
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