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Abstract: This paper proposed a control design approach based on tensor product models
for perching maneuvers of fixed-wing aircraft. The highly nonlinear longitudinal dynamics
of perching maneuvers is transformed into a tensor product model. The interpolation
technique is investigated to reduce the conservatism of the convex tensor product model. The
properties of the time derivatives of premise membership functions are utilized in the control
design process to further reduce the control conservatism. The proposed method is
demonstrated with simulation results.
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1 Introduction

Compared to rotorcraft, fixed-wing aircraft have the advantages of longer
endurance, larger loading capacity and higher flight speed. However, the landing
of a conventional fixed-wing aircraft usually needs a large space (e.g. a long
runway), which restricts the application of fixed-wing aircraft. In nature, large
birds could decelerate rapidly by performing a post-stall maneuver and eventually
land on branches. Inspired by this kind of effective landing maneuver of large
birds, a new landing approach for fixed-wing aircraft, i.e. the perching maneuver
has been proposed and drawn more and more research attentions in recent years
[1-5]. In the process of perching maneuver, a fixed-wing aircraft needs to emulate
the landing maneuver of large birds, which involves rapidly decelerating by
performing a very high angle-of-attack (AoA) flight and landing precisely at a
prescribed perch point.
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It is a challenging task to design a controller for fixed-wing aircraft performing
perching maneuvers, for the aircraft dynamics is highly nonlinear and
time-varying during high AoA maneuver. Studies on the control problem of
perching maneuvers are relatively sparse. Stability analysis has been carried out
by using contraction theory in [2]. It is shown that deviations in initial state
variables will lead to trajectory divergence and prevent the aircraft from reaching
the prescribed perch point [2]. In [6], a neighboring optimal control strategy has
been used to cope with the perturbations from nominal trajectory. However, the
simulation results show that the tolerant perturbations are too narrow [6]. In [5]
and [7], a novel control synthesis approach known as LQR-Trees has been used to
enlarge allowable perturbed initial conditions. In [2], a controller based on
sliding-mode technique has been designed to guarantee successful perching
maneuver under perturbed initial conditions.

The tensor product (TP) modeling method is a convenient and effective way to
construct TP type polytopic model for nonlinear systems and therefore facilitated
control design by enabling convex hull-based algorithms [8-11]. In this paper, the
highly nonlinear dynamics of perching maneuvers is transformed into a linear
parameter varying (LPV) model and then the corresponding TP modeling is
carried out. In order to decrease the conservativeness of control design, the
interpolation technique between two types of convex TP models has been
investigated and the TP model with less conservativeness has been constructed.
Based on the TP model, linear matrix inequality (LMI) stability conditions for the
control design have derived and the system stability has been proved. In order to
further reduce the conservatism of the controller, the control design process
utilized the fuzzy Lyapunov functions and thusthe LMI stability conditions are
more relaxed than conventional LMI stability conditions.

The paper is organized as follows: the dynamics and TP modeling of aircraft
performing perching maneuvers is presented in Section 2; in Section 3, first a
basic control scheme is designed and the conservatism of convex TP model is
analyzed by using the interpolation technique; then parallel distributed
compensation control design based on fuzzy Lyapunov functions is presented;
simulation results are shown in Section 4; finally, the results of the research are
concluded.

2 TP Modeling of Perching Maneuvers

This paper is focused on the longitudinal motion of perching maneuver, for this
high AoA maneuver is mainly related to longitudinal variables. The longitudinal
equations of motion (EOM) of fixed-wing aircraft performing perching maneuver
are expressed in the wind axes as
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V =(T cosa—D—mgsiny)/m

y=(Tsina+L-mgcosy)/mV

a=0q—(Tsina+L-mgcosy)/mV )
g=M/l,

X =V cos u

h=V sin u

where V,7,a,qQ denote flight velocity, flight-path angle, angle of attack and
pitch angle rate respectively; x and h represent horizontal displacement and
altitude of the aircraft; m is the aircraft massand 1 is the moment of inertia; T
is the thrust; the lift L and the drag D are aerodynamic forces, and M is the
aerodynamic moment.

The aerodynamic forces of the aircraft in the longitudinal plane can be written as

L=% V’SC,

)
D Z%pVZSCD

where C, and C_, denote the lift and drag coefficients of the aircraft
respectively. p is the air density and S is the aerodynamic surface area of the
aircraft. The aerodynamic behavior of aircraft during perching maneuvers is
highly nonlinear. Combining the experimental and analytic results in [1, 2] and the
plate model theory mentioned in [12], in this work the aerodynamic coefficients
are given as follows:

®)

C, =0.8sin(2a)
C, =14(sina)* +0.1

Assume that the aircraft uses an all-moving horizontal tail, so that it can acquire
relatively large control moment even at low flight velocity. Then, the pitching
moment is calculated as

M =—=pV7S 4

1, [Q8anaﬁn@a+2@)+ J
2 e'e

1.4sinasin®(a+46,)+0.1sina
where ¢, is the deflection angle of elevator, S, represents the aerodynamic

surface area of elevator and |, denotes the distance from the aerodynamic center
of elevator to the mass center of aircraft.
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T
Let X :[V,}/,a,q] and u:[T,ae]T and substitute the aerodynamic terms
(2)-(4) into the equations of motion (1). Then the equations of motion (1) can be
rearranged into two groups of equations as follows:

X = f(X,u) (5)
X=V cosy (6)
h=Vsiny

where f(J) is a nonlinear function vector, the specific form of which can be
easily obtained from (1)-(4) and is not presented here for brevity.

The reference trajectory is assumed to be specified priori and described by
(X,u), where X, =[V.,7,a,q,] and u =[T,o8,] . which satisfy

X, = f(X,,u,). Along the reference trajectory, the displacement variables X,

r=r

and h, satisfy 5 =Ve C_OS7’.
h. =V, siny,

Then the control problem of perching maneuver is often treated as a trajectory
tracking control problem, which means that a flight controller needs to be
designed to make the actual states of the aircraft X and (x,h)to track the
reference states X, and (x,,h, )respectively.

Linearizing the nonlinear dynamics (5) along the reference trajectory and omitting
the higher order terms would yield a LPV model, the system matrices of which
are denoted as A and B. A and B depend on exogenous parameters (X ,u.).

r e
However, since (X ,u) consists of six variables, it would be arduous to directly

rer
construct TP model. Considering that the variables in (X,,u,) are all functions of
time, thus in the paper we express the system matrices A and B as functions of
time and then we could construct the TP model by choosing the transformation

space as t e[a,,b,]. Thus the corresponding linearized model is as follows:

of

AX, =—
oX

af _ AXr 7
Axr+8_u‘3<_LX, Au, =[A(t) B(t)]{Au } (7

X=X, ,
u=u,
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where AX, =X-X, Ay =u-u A(t) = o and
OX |x=X,
u=u,
B(t) = ﬁ .The parameter matrices i and ﬁ in the
ou|x=x, OX |x=x, ou|x=x,
u=u, u=u, u=u,

dynamics (7) depend on the variables along the reference trajectory and hence are
time-varying.

Next, the TP modeling method is applied to (7) to construct the TP type ploytopic
model of the perching maneuver. For the model (7), define the transformation
space as te [at,bt]. Discretize the space by a grid with the size of M , where
M is a integer. Then the TP model transformation can be executed by using the
TPtool Matlab toolbox [13]. The detailed procedure of this transformation method
has been elaborated in the literatures [8-11]. The time-varying matrices in (7) can
be approximated by a convex combination of linear-time-invariant (LTI) matrices,
that is

[A®) BO]=>w,Ox[A B,] ®)

where A and B, are constant matrices; W,

t t i, are weighting functions
satisfying the following convex criteria [8]:

Vi, trw, (t) €[0,1]
] 9
Vit w, () =1 ©

=L

3 Control Design with Relaxed Stability Conditions

3.1 Basic Controller Design and Conservatism Analysis of
Convex TP Models
Before studying the conservatism reduction of the TP models, a basic controller

needs to be designed to ensure the stability of the closed-loop system. Then, the
conservatism of different TP models can be compared through the solvability of
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the design conditions and the control performances. The structure of the basic
controller is shown in Figure 1.

x.h xh

Position .
4’®—> Aircraft

'y controller

Vﬁ}/ﬁaﬂq

: Speed and
attitude
—_—
a.q = controller
Figure 1

The basic controller structure

From (6) it can be known that the position tracking error satisfies the following
relationship:
A)f:V c_os;/—vr c_os;/r (10)
Ah=Vsiny -V, siny,

where AX=X-X.,Ah=h-h, . Suppose that the position tracking error is
controlled by a proportional controller as

{A)’( =k, AX
1)

Ah =k,Ah

However, the dynamics (11) cannot be implemented directly, for the actual flight
speed V and the flight-path angle » in (10) cannot responsed to commands
immediately. Considering that the dynamics of position is slower than the flight
speed and the flight-path angle, it is reasonable to utilize the flight speed and the
flight-path determined from (10) and (11) (which are denoted as V4 and yq
respectively) as the reference values for the actual speed and the flight-path angle.
V, and y, are calculated by

Vg =V, €08 g, +kAX)2+(V, SN g, + k,Ah)?
V. sin g, + szh] (12)

74 = arctan
V, cos u, + k,AX
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Denote Xy =[Vy,74.¢,0,]and AX; =X —X; .Then from (7) and (8), the
dynamics of AX, is obtained as

J
AXg =Y w,[ A, Bj]{iﬁd} (13)
j=1 r

Note that the terms containing (X, —Xy) and its derivative in the dynamics of
AX, are neglected in (13). The speed and attitude controller is designed according
to the parallel distributed compensation control scheme as follows:

J
-1

Substituting (14) into (13) yields

J J
AXy =" wiw (A + BjK)AX, (15)
k=1 j=1

The closed-loop TP model (15) can be rewritten into a compact form as

AX4 = S(p(t))AX, (16)

N
where S(p(t))=S) w,(p,(t)) is the tensor expression of the coefficient
matrices. Different tjpbs of convex weight functions can be chosen to derive TP
model. Proper weight function type would decrease the conservatism of the
system [11, 14-18]. Here the interpolation technique [11] is studied to obtain a TP
model with less conservatism. The convex weight function types CNO and SNNN
are considered and the corresponding convex hull expressions are as follows:

S(p(0) = %5 ) w, (p, (1) )

S(p(0) = ™ ) ", (p, (1) (18

The discrete weighting functions of the two convex hulls as shown in (17) and (18)
are interpolated as

I(g)WrI?(Q,G) —(1-9) SNNNWIE)(Q,G) 4 é;CNOWnD(Q,G) (19)

where &£ €[0,1] is the interpolation coefficient and the superscript D means
discrete weight function.
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Then by using the pseudo tensor product model transformation, the interpolated
convex hull can be obtained as

S(p() =" ) "w,(p, (1) 20

The gains of the parallel distributed compensation controller (14) need to be
designed so that the closed-loop system is stable. Define a common Lyapunov
function as V =AX,"PAX,. The following LMIs can be derived to ensure the
stability of the closed-loop system:

XA} + AX +M[B] +B;M; <0

T T TRT TRT ; (21)
XA + A X + XA+ AX+MBj +B;M, +M;B, +BM; <0, j<k
where k=1...,J, X is a positive definite symmetric matrix and X =P7t,
and M, is a matrix with appropriate dimensions. The control gains are
calculated as K, =M, X .

In addition, pole placement techniques can be used to allocate closed-loop poles
[19]. Define a pole region /(7) ={s|Re(S) <—7 <0} in the complex plane.
The following LMIs guarantee that the closed-loop poles are located in region

((7):

AX +X"Al +B,M, + MBI +2rX <0,j,k=1,...,J (22)

Solving the LMIs (21) and (22), the control gains in (14) can be determined as
K, =M, X, which guarantee both the stability and the pole location of the
system. The maximum 7 (which is denoted as 7, ) of a closed-loop system can
be determined by iteratively solving the LMIs (21) and (22).

The conservatism of the convex hull (20) under different interpolation coefficients
is analyzed by comparing the solvability of the above LMIs and 7, . The
relationship between the interpolation coefficient &<[0,1] and 7., is
depicted in Figure 2. In Figure 2, the zero value of 7., means that the LMIs are
not solvable in this case.

X
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Figure 2

The relationship between & and T,

It can be seen from Figure 2 that the solvability of the LMIs are influenced by the
interpolation coefficient £ . When & s in the range of [0.8,1], the LMIs (21)
and (22) are solvable and the controller (14) can be obtained. In addition, 7,
also varies with & . The larger 7, is, the faster the system responses. Thus, it
is beneficial to choose the value of & corresponding to relatively large 7, in

the range of [0.8,1]. It is reasonable to think that the convex hull (20) under this
chosen interpolation coefficient is less conservative.

3.2 Control Design Based on Fuzzy Lyapunov Functions

In section 3.1, the parallel distributed compensation controller (14) is designed by
using common Lyapunov functions. The control design conditions (21) and (22)
are derived in this way. However, control design based on common Lyapunov
functions usually has strong conservatism. In order to further reduce the
conservatism of the system, in this section the control design is based on fuzzy
Lyapunov functions. By using fuzzy Lyapunov functions the properties of the time
derivatives of premise membership functions can be exploited and therefore the
LMI stability conditions can be relaxed [20-22].

The stability conditions for the perching maneuvers are presented in the following.

Consider the close-loop system (15). Assume that |v'vp|s¢ , Where ¢p is a
positive real number and p=1,...,J . The closed-loop system is asymptotically
stable if for some fixed i=1...,J andascalar &> Othere exist positive definite
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symmetric matrices S,Q, and matrices Z,Y,,(k=1,...,J) satisfying the
following LMls:

Q,>0vpe{l....0} (23)
Q,+5-Q20Vpedll.... J}-{i} (24)
Q-AZ-ZTA B, -YB] ¥ .

g S ]<0j=1..3 (25)
Q—&(AZ+ByY;)+2Z e(z+27)
[Q,-AZ-Z"A] -B)Y, -YJB] * Q-AZ-Z"A -BY;-Y/B *

0
Q -2(AZ+BY,)+Z" e(z+27) " Qo -2(AZ+BY,)+Z e(z+27) )
<k jk=1...9
(26)

3
where Qs =4S+ ) ¢,(Q, +S-Q;) with the symbol + indicating that the
¢ 1 p\Xp
pP=1
pi

signs + and — must be tested.

The local gains can be obtained as K, =Y,Z ™. The proof of LMI stability
conditions (23)-(26) can be directly derived according to [22]. In LMIs (23)-(26),
the values of i, ¢ and ¢_ would influence the resulting control gains and need
to be determined according to practical situation.

The controller designed by solving the LMIs (23)-(26) can guarantee the stability
of the TP model. Consider that the approximation accuracy of TP model (15) is
relatively high, and the time-varying model (7) can approximate the nonlinear
model with relatively high accuracy if the aircraft operates near the reference
trajectory. Thus, the designed controller is effective for the aircraft (described by
the nonlinear model) if the aircraft operates near the reference trajectory.

4 Simulation Case

Simulations are carried out to demonstrate the effectiveness of the proposed
control design method. Consider a fixed-wing aircraft with the main parameters as
follows: m=08kg , 1,=0.1kg-m* , $=025m’ and S =0.054m?” .
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Considering the practical requirement that the thrust weight ratio of fixed-wing
aircraft is less than 1 and the thrust should not below zero, the actuator constraint
of the aircraft is setas T € [0, 7.8N] . The transformation space of TP modeling
is chosen as te [0,1.68] . Discretize the space by a grid with the size of
M =100. Then the TP model transformation can be executed by using the
TPtool Matlab toolbox [13]. There are 12 nonzero singular values, the four biggest
ones of which are kept. The weight functions are shown in Figure 3.

e e
=] =]

e
N

weight functions

0 0.2 04 06 08 1 1.2 1.4 16

(]
Figure 3
Weight functions

The position control gains in (11) are chosen as k; =-2,k, =-8. For the LMIs
(23)-(26), the values of i and & arechosenas 1=5 and ¢=0.1. The suprema
of the time derivatives of premise membership functions are specified as:

¢ =2.1696,¢, =3.3704, ¢, =5.2277, ¢, =1.8306, ¢5 =1.6080
Then solve the LMIs (23)-(26) for the control gains in (14).

The initial reference states of the aircraft are set as: V =9.9736m/s, x=0,
a=0.2455rad , gq=0, x=0 and h=0. Two kinds of simulation cases are
carried out. In case 1, the initial deviation of flight speed is set as -1m/s, while in
case 2, the initial deviation of flight speed is set as 1m/s. The initial error of
angle of attack is setas 1°.

In order to demonstrate the benefit of the proposed control scheme, the simulation
results of the controller designed based on fuzzy Lyapunov function (the proposed
control scheme) are compared with the simulation results of the controller
designed based on common Lyapunov function.

First, consider the simulation case 1. The response curves of the state variables are
shown in Figure 4. It can be seen from Figure 3 that, for both kinds of controllers,
the angle of attack increases rapidly and the flight speed decreases from 9m/s to
about 4m/s, which is relatively slow. Figure 5 shows the trajectory history of the
aircraft. For both kinds of controllers, the actual trajectories can track the
reference trajectory and the final position error is relatively small and acceptable

-55-



Y.Kan et al. Tensor Product Model-based Control Design with
Relaxed Stability Conditions for Perching Maneuvers

considering the size of the aircraft. However, as shown in Figure 6, the thrust
command generated by the controller based on common Lyapunov function
exceeds the constraint T e[O,7.8N . Nevertheless, Figure 6 also shows that, for
the controller based on fuzzy Lyapunov function, though the thrust and the
elevator deflection do not converge to their reference curves, they are all kept
within reasonable ranges. To some extent, this demonstrates that the proposed
control design scheme for perching maneuvers is less conservative than the
control design approach based on common Lyapunov functions. Thus, the
simulation results demonstrate the effectiveness and benefit of the proposed
controller.

The results of simulation case 2 are shown in Figure 7. It can be seen from Figure
7 that, similarly to the simulation case 1, the control command generated by the
proposed controller is relatively mild, while the thrust command generated by the
controller based on common Lyapunov function exceeds its constraint (in this case
the thrust command is less than zero at the beginning period), though the response
curves of the two kinds of controllers are similar. This verifies the benefit of using
the proposed controller.

12
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Response curves of the state variables in case 1
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Trajectory history in case 1
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Response curves and inputs in case 2

Conclusions

In this paper, a tensor product model-based control design method is investigated
for aircraft performing perching maneuvers. In order to decrease the
conservativeness of control design, the interpolation technique between two types
of convex TP models has been investigated and the TP model with less
conservativeness has been constructed. The control design is carried out by using
fuzzy Lyapunov functions, and the properties of the time derivatives of premise
membership functions are considered in the design process. Therefore, the
resulting LMI stability conditions are more relaxed than conventional LMI
stability conditions. Simulation results show that the proposed control approach
can ensure successful perching maneuvers, which demonstrates the effectiveness
of the control design method. In addition, the simulation results of the proposed
controller and the controller based on common Lyapunov function are compared,
which demonstrates that the proposed controller is less conservative.
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