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Abstract: New vector description of kinetic pressures on shaft bearings of a rigid body
nonlinear dynamics with coupled rotations around no intersecting axes is first main result
presented in this paper. Mass moment vectors and vector rotators coupled for pole and
oriented axes, defined by K. Hedrih in 1991, are used for obtaining vector expressions for
kinetic pressures on the shaft bearings of a rigid body dynamics with coupled rotations
around no intersecting axes. A complete analysis of obtained vector expressions for kinetic
pressures on shaft bearings give us a series of the kinematical vectors rotators around both
directions determined by axes of the rigid body coupled rotations around no intersecting
axes. As an example of defined dynamics, we take into consideration a heavy gyro-rotor-
disk with one degree of freedom and coupled rotations when one component of rotation is
programmed by constant angular velocity. For this system with nonlinear dynamics, series
of graphical presentation transformations in realizations with changes of eccentricity and
angle of inclination (skew position) of heavy rigid body-disk in relation to self rotation axis
are presented, as well as in realization with changing orthogonal distance between axes of
coupled rotations. Angular velocity of Kkinetic pressures components in vector form are
expressed by using angular acceleration and angular velocity of component coupled
rotations of gyrorotor-disk.

Keywords: coupled rotation; no intersecting axes; deviational mass moment vector;
rotator; kinetic pressures; kinetic pressure components; nonlinear dynamics; gyrorotor-
disk; eccentricity; angle of inclination, deviation kinetic couple; fixed point; graphical
presentations; three parameter analysis
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1 Introduction

No precisions and errors in the functions of gyroscopes caused by eccentricity and
unbalanced gyro rotor body as well distance between axes of rotations are reason
to investigate determined task as in the title of our paper.

The classical book [1] by Andonov, Vitt and Haykin contain a classical and very
important elementary dynamical model of heavy mass particle relative motion
along circle around vertical axis through it’s center. Nonlinear dynamics and
singularities lead to primitive model of the simple case of the gyro-rotor, which
represent an useful dynamical and mathematical model of nonlinear dynamics.

Using K. Hedrih’s (See Refs. [2-11]) mass moment vectors and vector rotators,
some characteristics vector expressions of linear momentum and angular
momentum and their derivatives for rigid body single rotation, were obtain
physical and dynamical visible properties of the complex system dynamics and
their kinetic parameters in vector form for single rotation. There are vector
components of the shaft bearing kinetic pressures with opposite directions and
same intensity that present deviational couple effect containing vector rotators,
whose directions are same as kinetic pressure components on corresponding rotor
shaft bearings (for detail see Refs. [2] and [5]).

The definitions of mass moment vectors coupled to the pole and the axis [2-9],

[12] are introduced in the foundation of this vector method. The main vector is

J© = J‘ J I[,B, [A, 5]ldm of the body mass inertia moment at the point A=0 for
v

the axis oriented by the unit vector and there is a corresponding vector 5%0) of

the rigid body mass deviational moment for the axis through the point (see
References [2] and [5-6]).

This vector approach is very suitable to obtain new view to the properties of
dynamics of pure classical system dynamics investigated by numerous generations
of the researchers and serious scientists around the world. We proof this approach
in our published reference [12]. In Introduction of this paper [12] a short reviews
of the basis of the subjective selected references about original research results of
dynamics and stability of gyrostats was given. Then is reason that we didn’t made
any reviews of the papers about gyroscopes.

Passing through the content of the numerous published scientific paper, we can
see that no results concerning behavior of the kinetic pressure directions and
intensity depending of the nonlinear dynamic regimes. Then, our aim is to
investigate kinetic pressures and deviation kinetic couple appearing to the shaft
bearings of the rigid body coupled rotations around two no intersecting axes. Two
our References [12] from (2008 and 2010) contain short presentation of the kinetic
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pressure to the gyrorotor self rotation bearings and rotators, as well as presentation
of the nonlinear dynamics of the heavy gyro-rotor, but not completed.

This is reason that we take into a large consisderation and investigation three
parameters analysis of the vector expressions of shaft bearing kinetic presures and
their cmponents based on our previous results on applications vector method and
published in our References [12]. This paper contan new rezults based on the
previous our results.

Organizations of this paper based on the vector method applications with use of
the mass moment vectors and vector rotators for describing vector expressions of
kinetic pressures of the shaft bearings, of the rigid body coupled rotations around
two no intersecting axes and corresponding kinetic deviation couple appearing by
opposite kinetic pressures to shaft bearings and shaft bearing reactions.

Dynamics of a gyro-rotor with one degree of freedom and coupled rotations when
one component of rotation is programmed by constant angular velocity is
considered, as an example. For this system of nonlinear dynamics, the series of
graphical presentation of the kinetic pressures of the shaft bearing of a rigid body
self rotation are presented.
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Figure 1

A rigid body coupled rotations around two no intersecting axes. System is with two degrees of mobility

and one degrees of freedom, where (0, and (0, are theonomic and generalized coordinates. Vector

rotators ROI’ Ronand R022 are presented.ssential connections
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2 Model of a Rigid Body Rotation Around Two Axes
without Intersection

Let us to consider rigid body coupled rotations around two no intersecting axes,
presented in Figure 1. Ffirst axis is oriented by unit vector N, with fixed position
and second axis is oriented by unit vector N, which is rotating around fixed axis

with angular velocity @, = @f,. Axes of rotation are no intersecting axes. Rigid

body is positioned on the moving rotating axis oriented by unit vector ﬁz and
rotate around self rotating axis with angular velocity @, = w,0, and around fixed
axis oriented by unit vector fi; with angular velocity @, = @i, . All geometrical
parameters are presented in Fgure 1.

When any of three main central axes of rigid body mass inertia moments is not in
direction of self rotation axis, then we can see that rigid body is scew positioned to

the body self rotation axis. The angles of rigid body central main inertia axes
inclinations acording self-1f rotation axis are f;, i =1,2. These angles are angles
of scew position of rigid body to the body self rotation axis. When center C of
the mass of rigid body is not on body self rotation axis of rigid body rotation, we

can say that rigid body is scew positioned. Eccentricity of body position is normal
distance between body mass center C and axis of self rotation and it is defined

by€ = [Ai,,[Bc. 1, ]|. Here p is vector position of mass center C with origin
in point O,, and position vector of mass center with fixed origin in point O, is
=0+ 0.

3 Vector Equations of Dynamic Equlibrium of Rigid
Body Coupled Rotations around Two No
Intersecting Axes

By using theorems of linear momentum and angular momentum with respect to
time, we can write two equations of dynamic equilibrium of the considered rigid
body coupled rotations about two no intersecting axes, presented in Figure 1, in
the following equations (for detail see Ref. [17] and Appendix):

§§03)‘+2a)1w2[ﬁ1,§g?z)]:

M

T
o

i—p

=G +Fuy +Fayy + Fan + i =G+ Fay + Fayy +Fy,

}

m2+ i

i=1
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where Fi , 1=1,2,3...,P are active forces and G is weight of gyro rotor, IEA1 and

Fg, are reactive forces of fixed axis shaft bearing reactions and F,, and Fg, are
forces of self rotation shaft bearing reactions. From previous obtained vector
equations, it is not difficult to obtain kinetic pressures to both shaft bearings, IEA1

and IEBI, as well as IEA2 and IEB2 on both shafts bearings as well as two

differential equations along ¢, and @, of the rigid body coupled rotations about
two no intersecting axes, and to obtain time solutions of unknown generalized
coordinate ¢, and @,, or if we know these coordinate to find unknown external
active forces.

For the case that axes are perpendicular some terms in previous vector expressions
and vector equations are equal to zero, but these equations are nonlinear along
angle coordinates ¢, and @,, and coupled by generalized coordinates, ¢, and
@, , and their derivatives, and also, by forces of shaft bearings reactions.

Two vector equates (1) and (2) are valid for rigid body coupled rotations around
no intersecting axes, as well for the case intersecting axes as its special case. Also,

these equations are valid for the system dynamics with two degrees of mobility,
and for three different cases.

4 Vector Rotators of Rigid Body Coupled Rotations
around Two No Intersecting Axes

We can see that in previous vector equations (1) and (2) terms for derivative of
linear momentum and angular momentum contain two sets of the vector rotators:

— . T . r . égoz) égoz)
ROIza)1|:n15r0J+w12[nl’|:nlyroJ:|’ ROIIIQ.)I‘%_FQ}I2 ﬁ“r‘i (3)

0 0

‘F\;mz‘ =Ry, =200, =200, “
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First two vector rotators R o1 and IR;OI | are orthogonal to the direction of the first
fixed axis and third vector rotator is orthogonal to the self rotation axis. But, first

vector rotator R o1 1s coupled for pole O; on the fixed axis and second and third

vector rotators, Iiou and Iiozz , are coupled for the pole O, on self rotation axis

and for corresponding direction oriented by directions of component angular
velocities of coupled rotations. Intensities of two first rotators are equal and are
expressed by angular velocity and angular acceleration of the first component
rotation, and intensity of third vector rotators is expressed by angular velocity and
angular acceleration of the second component rotation, and they are in the

following forms: R, =R, = &} + and R o =05 + w5 .

Lets introduce notation},,,%,;, and J,,, denote difference between

corresponding component angles of rotationg, and@, of the rigid body
component rotations and corresponding absolute angles of rotation of pure
kinematics vector rotators about axes oriented by unit vectors M, and N,. These

angular velocities of relative kinematics vectors rotators R, ,R,,andR ,,

which rotate about corresponding axis in relation to the component angular
velocities of the rigid body component rotations are:
. s (/’1 (2¢1 - ¢1¢1) ; ¢2 (2¢2 - (ﬂz(ﬂz)

Yor =You = " 3 Yo = - ;
01 o011 (plz +(/)14 and 02 (Pzz +¢; ©

In Figure 1 Vector rotators R,,, R, and R,, are presented.

We can see that in previous vector expression (2) for derivative of angular
momentum are introduced vector rotators in the following vector form:

- ) Déoz) - Dé?z)
) R2=w27+w2 nz’i-

0, S (0,
- ©) D y
~ (02) S (0y)
\Dﬁzz D

- fi, 2| =
R, =0,—= ‘+a)1 n,,

1
~(0,)
ﬁl

] 3]

n,

Ry =200, 71~ =0, = 2wyl ™
nl,Jﬁz2
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A
a* b* c*
Figure 2
Vector rotators _ (a*)and _ (b*) in relations to corresponding mass moment vectors and
R, R, J o
i
, and their corresponding deviational components and as well as to corresponding
7(0y) p o) )
J i, 2 n Dn2

deviational planes. (¢c*) Model of heavy gyro rotor with two component coupled rotations around
orthogonal axes without intersections

The first F:’l is orthogonal to the fixed axis oriented by unit vector fi; and second
Ii’z is orthogonal to the self rotation axis oriented by unit vector fi,. Intensity of
first rotator F:’l is equal to intensity of previous defined rotator R, and intensity
of second rotator Iiz is equal to intensity of previous defined rotator R ,,
defined by expressions (7). In Figure 2 vector rotators R, (in Figure 2 a*) and R,
(in Figure 2.b*) in relations to corresponding mass moment vectors J rg?z)and

J© rE] , and their corresponding deviational components D (%) and D) as well as
1 2
to corresponding deviational planes are presented. Vector rotators §1 and R, are

pure kinematical vectors first presented in reference [18,19] as a function on

angular velocity and angular accelerationin a form R = pU+¢ ‘W=R R

Rotators from first set are rotated around through pole O, and axis in direction of
first component rotation angular velocity and depend of angular velocity @, and

angular acceleration @, . There are two vectors of such type and all trees have
equal intensity. Rotators from second set are rotated around axis in direction of
second component rotation and depend of angular velocity @, and angular

acceleration @, . There are two vectors of such type and they have equal intensity.
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Lets introduce notationy,, and J, denote difference between corresponding

component angles of rotation ¢, and ¢, of the rigid body component rotations
and corresponding absolute angles of pure kinematics vector rotators about axes
oriented by unit vectors M,and N, through pole O,. These angular velocity of

relative kinematics vectors rotators Iil and I':’z which rotate about axes in

corresponding directions in relation to the component angular velocities of the
rigid body component rotations through pole O, are expressed as

7}1:7}01:7}011 and 7}2 :7}02‘

5 Vector Expressions of Kinetic Pressures (Kinetic
Reactions) on Shaft Bearings of Rigid Body
Coupled Rotations around Two No Intersecting
Axes

Kinetic pressures (bearing reactions with out parts reactions induced by external
forces) on fixed shaft bearings for the case that spherical bearing is at the pole O,

and cylindrical in this fixed axis defined by vector position pg, = pg,fi; are in the

following form:

= = 5 lc@).s |s0 = &0,
Fani = —Fani +Ron Sr(ﬁ,Z) +Rop Sr(iZZ) +2wla)2[n1,8,(-12-)] ®)
Font = —— ['il»ﬁl,:llir(iOZ) *L[ﬁz»ﬁl,lﬁr&oz) *M[[ﬁl’jr(ioz)»ﬁl,]]
Pl ' Pe : Pe ? )
11~ /. - L. N ®> (= 70, Y= = = d
+—[;(,2(r0,pc,M,a)l,wz,a),,wz,nl,nz),n,,]+—2<n2,J%7'),Inz,n1,]=—FENe,V
Pei g )

It is not difficult, by use system decomposition, to obtain kinetic pressures on
body self rotation shaft bearings for the case that spherical bearing is at the pole
02 .

By analysis vector equations (1) and (2) and corresponding expressions (8) and (9)
for kinetic pressures on the both shafts bearings, we can conclude that in the
system to the both shaft bearings appear in the pair of bearings two opposite
components of kinetic pressures with deviation couple. In fixed shaft bearings A

and B, appear the following opposite components: IEBNland IE::IV in vector
relation: IEBN1 = —IE:NGIV , but in different points of appearance, bearings A, and B,

with distance pg, and build one couple, M 4, = [ﬁBl,lfBNl]: —[ﬁBl,lfde" ],

AN 1
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known under the name deviation couple, and identified in like our investigated
system dynamics, for which we obtain the following vector expression:

+[ﬁ1,[§2,ﬁ1]]6;fz>

+[ﬁ1=[)?12('70a,507M ,a)l,a')z,a)l,a)z,ﬁl,ﬁz),ﬁl]]

7 5 | (0 = 70,

(10)

Also, it is possible to conclude for two opposite components of kinetic pressures

to the self rotation shaft bearings Fgy, and 2% in vector relation:

IEBN 5 :—IE:@’, but in different points of appearance, bearings A, and B, with
distance pg, and build one couple, M 4, , = [/332, Fen 2 ]: —[/532, ﬁf:vz ], known

under the name deviation couple, and also identified in like our investigated
system dynamics.

6 Dynamic of Rigid Body Coupled Rotations around
Two Orthogonal No Intersecting Axes and with
One Degree of Freedom

We are going to take into consideration special case of the considered heavy rigid
body with coupled rotations about two axes without intersection with one degree
of freedom, and in the gravitation field. For this case generalized coordinate ¢, is

independent, and coordinate ¢, is programmed. In that case, we say that
coordinate ¢, is rtheonomic coordinate and system is with kinematical excitation,
programmed by forced support rotation by constant angular velocity. When the
angular velocity of shaft support axis is constant, ¢, = @, = CONSt, we have that

rheonomic coordinate is linear function of time, @, = @t+¢,,, and angular

acceleration around fixed axis is equal to zero @, = 0. Special case is when the

support shaft axis is vertical and the gyro-rotor shaft axis is horizontal, and all
time in horizontal plane, and when axes are no intersecting at normal distance a.
So we are going to consider that example presented in Figure 2c*. The normal
distance between axes isa. The angle of self rotation around moveable self

rotation axis oriented by the unit vector N, is ¢, and the angular velocity
is @, = ¢, . The angle of rotation around the shaft support axis oriented by the unit
vector ﬁl is @, and the angular velocity is @, = constat . The angular velocity of
rotor is g = oy + iy = @iy + @1, . The angle ¢, is generalized coordinates in

case when, we investigate system with one degrees of freedom, but system have
two degrees of mobility. Also, without loose of generality, we take that rigid body
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is a disk, eccentrically positioned on the self rotation shaft axis with eccentricity
e, and that angle of skew inclined position between one of main axes of disk and
self rotation axis is /3, as it is visible in Figure 2¢*.

For that example, differential equation of the heavy gyro rotor-disk self rotation of
reviewed model in Figure 2 for the case coupled rotations about two orthogonal no

intersecting axes by using (2), after multiplying scalar by f,, and taking into

account orthogonal between axes of coupled rotations, we can obtain in the
following form:

@, +Q*(A—cosg,)sing, + Q’y cosp, =0 (11)
where
©) ©) . 2
ot I maesing W2mmmu3,g:1+4(ej (12)
3© a)lz(JQ _J<C>j 39-3© r
i, Wy 2 2

Here it is considered an eccentric disc (eccentricity ise), with mass m and
radius r , which is inclined to the axis of its own self rotation by the angle £ (see

Figure 4), so that previous constants (12) in differential equation (11) become the
following forms:

2
in’ g - e (e-1)sin B 2easin
gf—z%“*ﬁ‘}g=1+4 ,A:J%————ja et ) (13)
“ gsin2ﬂ+l r ea)l2 gsinzﬂ—l v er gsinzﬁ—l

Relative nonlinear dynamics of the heavy gyro-rotor-disk around self rotation
shaft axis is possible to present by means of phase portrait method. Forms of
phase trajectories and their transformations by changes of initial conditions, and
for different cases of disk eccentricity and angle of its skew position, as well as for
different values of orthogonal distance between axes of component rotations may
present character of nonlinear oscillations.

For that reason it is necessary to find first integral of the differential equation (11).
After integration of the differential equation (26), the non-linear equation of the
phase trajectories of the heavy gyro rotor disk dynamics with the initial
conditionst, =0, ¢, (to ) =@ @ ('[O ) = ¢,,» We obtain in the following form:

@5 =P +2Qz(/lcos¢2 —%cos2 @, +ysin ¢2]—2Q2(1 COS @ —%cos2 Pgp +y sin %2)

(14)

The analyzed system is conservative and equation (14) is the energy integral.
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In considered case for the heavy gyro-rotor-disk nonlinear dynamics in the
gravitational field with one degree of freedom and with constant angular velocity
about fixed axis, we have three sets of vector rotators.

Three of these vector rotators F:’Ol , F\;(m and FEI , from first set, are with same

constant intensity ‘IiOl‘ =‘§011‘ :‘Iil‘ = w? =constant and rotate with constant

angular velocity @, and equal to the angular velocity of rigid body component
precession rotation about fixed axis, but two of these three vector rotators, Iim]
and Iil are connected to the pole O, on the self rotation axis, and are orthogonal

to the axis parallel direction as direction of the fixed axis. All these three vector

rotators R 01> Iion and Iil are in different directions (see Figures 1 and 3). Two
of these vector rotators, Ii(m and Iiz , from second set, are with same intensity

equal to R,, =+/@; + @, , and connecter to the pole O, and orthogonal to the
self rotation axis oriented by unit vector fi, and rotate about this axis with relative
angular velocity 7, defined by expression (6), in respect to the self rotation angular

velocity m, (see Figures 2 a*, b* and c*).

By use expressions (3-5) and (7), we can list following series of vector rotators of
the gyro-rotor—disk with coupled rotation around orthogonal no intersecting axes
and with @, =const :

- . 5 1 2 R <sinﬂsin¢2\701+cos[)’ﬁ(,1> 5 )
Roi = @iVor» ‘Rm‘—wl’ R =—@f > |Rou| =i

\/cos2 ﬁ +sin? ﬁsin2 0,
5 . 2 5 [ 2 4 = S i
Rz = @Vp, — @i lUgy » Rozz‘ =y@; +@y »  Rop =200l , (15)
~ - X GOl<sin,Bcos¢72>+\701<cosﬂ> - 5
|R012|:R012 =200, , Ri=-a 3 = B ’ ‘Rl‘:wl
\/cos f +sin” fcos” @,

— — n A(o’)
o 2 _[.2 4 - [n1,J~“J
Ry = @V, —aylpy » ‘Rz‘—vwz T, , Ry, =2ww, =

I—]— =2w,0,0,>
‘ ﬁl"‘] %(2)2)

‘R12‘ =Ry =2m0,

in which ,17 is angle between relative vector position pc of rigid body mass

center C and self rotation axis oriented by unit vector A, . One of the vectors

rotators from the third set is F\;mz with intensity ‘F\;mz‘ =2mw, and direction:
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Ry, =—2@®,@,U,,. This vector rotator is connecter to the pole O, and
orthogonal to the axis oriented by unit vector fi; and relative rotate about this
axis. Intensity of this vector rotator expressed by generalized coordinate ¢, , angle

of self rotation of heavy disk, taking into account first integral (29) of the
differential equation (26) obtain the following form:

ﬁmz‘ = 2501\/42752 + ZQZ(ACOS% —%cos2 », +y/sin¢2j—292(lcos¢02 —%cos2 Doz +y/sing002j

(16)

of two of these vector rotators, R,y,and R,, from second set,

Intensity R ,,

depends on angular velocity @, and angular acceleration @, . For the considered

system of the heavy gyro-rotor-disk dynamics, for obtaining expressions of
intensities of vector rotators, R,,, and R,, from second set, in the function of the

generalized coordinate ¢, , angle of self rotation of heavy disk self rotation, we

take into account a first integral (14) of nonlinear differential equation (11), and
by using these result and previous expressions (15) of vector rotator we can write:

*intensities of the vectors rotators, ﬁozz and Iiz , connected for the pole O, and
rotate around self rotation axis, in the following form:

‘ﬁozz‘ :‘FEUZZ((pZH:

2
. . 1 . 1 .
= QZ\/[— (ﬂ —cos@, )sm @, + Y cos@, ]2 + [q)ﬁz + 2(22[/1005 [ —Ecosz @, +ysin q)zj - 292(1005%2 - ECOSZ Py + Y sin @y, H

an

*vector rotators orthogonal to the self rotation axes are in the following
vector forms:

Roa(p2) = Q[ (2= cosg, Jsing, +y cosg,] rjz’/z(:] +
‘[nZapC]
+ QZ|:¢7§2 + 292[2 cosQ, — lcos2 @, +ysin (/)2) - 292[/1 COS @y, 710052 @oy + Y singy, )}w
2 2 7., Ac |
(18)

) 5O
Ra(p2)= Q[ (2~ cospy Jsing, +y cospy =2+

50

5

2| .2 2 I 5 . 2 1 5 . = D(Z‘)
+Q7| ¢, +2Q lcos%—gcos @, +ysing, |-2Q Z.cos%z—gcos Py + Y singy, nz,ﬁ
D
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7 Kinetic Pressures to Shaft Bearings of Rigid Body
Coupled Rotations around Two Orthogonal No
Intersecting Axes and with One Degree of Freedom

By use previous derived vector equations (1) and (2) and approach to obtaining
vector expressions (8) and (9) for kinetic pressures, F,, and Fg,, to fixed shaft

bearings of rigid body coupled rotations around two no intersecting orthogonal
axes and for system with one degree of freedom, it is easy to obtain vector

expressions for kinetic pressures Fn, and Fg, (including component reactions of
the rigid body weight) to self rotation shaft bearings, A,and B,, of rigid body

coupled rotations around two orthogonal no intersecting axes and for considered
particular example in the following form:

Far, = |SOIR 5 )+[S O Ronem - (6.5 ) (19)
For = { ﬁ [”2’[R2’”2 Sr(1, )‘[ﬁb[ﬁl’ﬁz]]+ér(i?Z)‘[ﬁZ’[liZI’ﬁz]]_[ﬁza[éaﬁz]]}+
{ [R02=n2] [n1>n2]wl(n]7‘]‘_)) Hﬁc:é]aﬁz]}+
(AN J<°>] SIRAIATY
: S N N R R A
B 50 [Row ]+ i 30 - [ 6L ] |- @n

215[[{[” J(OZ)] [n ‘](02)]+J(02)[”1’”2]} nZ] ”1]

(0, (20)

n

n2

3(0:)

- 1 -
FAT2=*{ n nz,[Rz’nz S

ﬁoz)‘[lizz,ﬁz +

0,) . . . . .
where J %) is matrix of tensor of mass inertia moments for pole O,. Previous

expressions contain member which correspond to the bearing reactions of the rotor
proper weight. After taking into account mass inertia moment vector for inclined
disk and disk position with eccentricity of mass body center, we can write in

scalar form components of kinetic pressures, FA2 and FB2 (including component
reactions of the rigid body weight) to on bearings, A, and B, , of the self rotation
axis in the following form:

Faw = % m(eg, sin f—0,0,f cosg, —ewf sin fsing, cosg, ) +%mg(l +%cosﬂjsin(oz +

1 . . .. e
+ ?E((Ju —J, = 1)@y, + Jyn0F cosgy)sin @, + Jvngoz)— mZOIOzcol2 cos Bcos g, (22)

-163 -



Katica R. (Stevanovi¢) Hedrih et al. New Vector Description of Kinetic Pressures on Shaft Bearings
of a Rigid Body Nonlinear Dynamics with Coupled Rotations around No Intersecting Axes

1 o . . . . 1
Fav = 5 m(e(p22 sinff + oloza;f sing, + ea)l2 sin f#sing, s1n(o2)+ 5 mg[l —%cosﬁjcosw12 -
1 . . e .
—2—[((\]u =-J,+J)oe, - J\,na)l2 COSP,)CoS P, + Jvn¢)22 )— m?OlOZa)l2 cos Bsin g, (23)

Fau, = % m(e¢, sin f — 0,0, cosg, —ew;’ sin Bsing, cosp,) + % mg(l —%cosﬂ)sin(p2 -

1 . . . e
- ﬂ((‘lu - ‘]v - Jn)¢2wl + ‘]vna)lz COS@Z)SII‘I ¢+ Jvn@l )_ m?olozwl2 COSIBCOS%Z (24)

Fay = % m(e¢22 sin 8 +0,0,af sing, +ew} sin fsing, sing, )+ % mg[l - % cos,b’jcosq)2 +

1 . . e .
+27(<Ju =3y 30)0ny — Iy €05.,)008 Py + Il ) m200;07 cos fsing;  (25)

Previous obtained expressions (22)-(25) of the components of kinetic pressures,
IEA2 and IEB2 (including component reactions of the rigid body weight) to
bearings, A, and B, , of the self rotation axis in scalar form , is possible present in

the following vector form:
AT = Pl + PN, = (S mesin f— 3,y G, +°0,) +

+$(Jvna)1 cos @, —J,9, )a)1 (sin @,U +cos g02\7)—

. (26)
. a . .
—Ema)lz(a+esmﬁcos¢2 +Zezcosﬂ)(cos¢2u —sin (pzv)+
1 e _ _

+2_€(Ju - Jv)wl(ﬁz(sm Pu —cos¢2V)
= kin kin kin 1 . 1 T

a2 = Fanally + FayoVs = (5 m6s1nﬁ+2—€.]vn)((p2u2 +PV,)+
+L(Jvna)2 cos @, +J,0, )a)l (sin o,U+ cosg02\7)—

2/ 27

—%ma)f(a+esin Scosp, —2e%cosﬂ)(cos¢2l3—sin (p2\7)—

1 .. _ -
75(.]“ 7Jv)a)1(/)2(sm(p2u 7cos¢)2v)
Previous scalar expressions are suitable for analysis on the basis decompositions
to the separate components with specific properties of intensity, directions,
influence of some mass and geometrical properties and structure parameters, as
well as angular velocities and other kinetic parameters of considered special

example.
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By introducing the following unit vectors W, , W, and W,
W, = U, sing@, +V, cosg, , W, = U, sin @, —V, cos@, , Wy = —U, cos @, +V, sin @,

pressures IEAgz and IEBg2 (reactions of the rigid body weight) to bearings A, and

B, , of the self rotation axis is possible to express in the following vector form:

FAgz =

F

_ | e R e _
aug2ts + FagaVs = 5 mg(l + fcosﬂ)sm o,U, + 5 mg(l —Kcosﬂ] cos@,V,
- q _ 1 e N | e _

FBg2 = FBguzu2 + FBgv2V2 = Emg l—zcosﬂ sin g,U, +Emg 1—?cosﬂ cos @,V
(28)

From last forms of the pressures, IEAgz and IEBg2 (reactions of the rigid body
weight) to bearings, A, and B,, of the self rotation axis, we can see that is
possible to separate component with same intensity, and opposite directions, and
also component with same angular velocity in one or in other directions.

In Figure 3 some of the introduced unit vectors U,, V,, W;, W, and wW; for
analysis kinetic pressures IEB2 (including component reactions of the rigid body
weight) to bearings, A, and B, , of the self rotation axis used in expressions (28)

schematically are presented with corresponding angular velocity and directions of
rotations.

W, (7)

Figure 3
Schematically presentation of the unit vectors 62 s \72 s V_Vl s W2 and V_V3 , and their geometrical and

kinematical relations with corresponding angular velocity and directions of rotations
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Components F:Z'? , Fn , Fn and Fgn of pure kinetic pressure F:;'n to bearing

B, , of the self rotation axis are in the following forms:

ki 1 . i 1 .
FBZIT :ﬂ(‘]vna)l cos @, —Jnp, )wl > Fgo = E(Ju - Jv)a)l(Pz

i 1 . a i 1 . 1
Fan =Ema)12(a+es1nﬁcosgo2 +Zezcosﬁ) . Fgn =Emesm,[3—2—£.]vn

From previous expressions for components F:Zi?, Fa . Fam and Fg, of pure
kinetic pressure IE::” to bearing B, , of the self rotation axis, we can conclude,
that influence of disk position eccentricity is stronger to the components FBkizn3 of
pure kinetic pressure IE::” , and that intensity of component FE';iZ"2 increase, and
intensity of the component F:z'? decrease with increasing of disk eccentricity.

Intensity of the pure kinetic pressure Ifsz'” increase with increasing of disk

eccentricity.

0.0085 2

Fam (6) oo AP AN Fam (01) 10
E‘ (r:z.)000775 w )}\/VT W Fam (¢1) Nk
- VU

F
Azt (01 )0 00738
0.007 =20

=10 =5 0 5 10 =10 =5 0 5 10

a* 0 b* I

-
]

Figure 4
Intensity transformation of kinetic pressure component F:zl:z to self rotation shaft spherical bearing
AQ of rigid body coupled rotations around two orthogonal no intersecting axes and for system with

one degree of freedom, in direction of the self rotation shaft axis for different disk eccentricity

8 Graphical Presentation of Kinetic Pressures to Self
Rotation Shaft Bearings of Rigid Body Coupled
Rotations

By use previous listed expressions as well as other no listed heir, and MathCad as
a software tool, a numerical experiment was followed for analysis properties of
the kinetic pressures and their corresponding components to the both shaft
bearings. Selected graphical presentation is done in the Figures 4-10. All graphical
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presentation are obtained by analytical expressions derived in previous chapters of
this paper.

In Figure 4a* and b( graphical presentation of intensity transformation of kinetic
pressure component F:z':z to self rotation shaft spherical bearing A, of rigid body
coupled rotations around two orthogonal no intersecting axes and for system with

one degree of freedom, in direction of the self rotation shaft axis and in function
of self rotation relative angle ¢, , for different disk eccentricity, is presented.

In Figure 5 graphical presentation of intensity transformation of kinetic pressure
component Ffz':2 to self rotation shaft spherical bearing A, of rigid body coupled
rotations around two orthogonal no intersecting axes and for system with one

degree of freedom, in orthogonal direction to the self rotation shaft axis, in
function of self rotation relative angle ¢,, for different disk eccentricity, is

presented.

100 100

so STV e A AA
o () \v/ \v/ \\/ P o) J J J

Figure 5
a* and b* Intensity of kinetic pressure component F}:z': R to self rotation shaft spherical bearing A2

of rigid body coupled rotations around two orthogonal no intersecting axes and for system with one
degree of freedom, in orthogonal direction to the self rotation shaft axis, for different value of disk
eccentricity

In Figure 6 (a*), (c*) and (d*) the intensity of kinetic pressure component of F:j:z to self
rotation cylindrical bearing B, of rigid body coupled rotations around two orthogonal no

intersecting axes in direction of R, and for system with one degree of freedom, in

orthogonal direction to the self rotation shaft axis, for different value of disk angle [ skew

position is presented. In Figure 8 (b*) Intensity of the vector rotator R, in function of the

value of disk angle /3 skew positions is presented.

In Figure 7 graphical presentation of intensity transformation of kinetic pressure component
F:z':z to self rotation shaft cylindrical bearing B, of rigid body coupled rotations around
two orthogonal no intersecting axes and for system with one degree of freedom, in

orthogonal direction to the self rotation shaft axis, in function of self rotation relative angle
@, , for different disk eccentricity, is presented.
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Figure 6
(a*), (c*) and (d*) Intensity of kinetic pressure component of F:;:Z to self rotation cylindrical
bearing 82 of rigid body coupled rotations around two orthogonal no intersecting axes in direction of
R , and for system with one degree of freedom, in orthogonal direction to the self rotation shaft axis,
for different value of disk angle ﬂ skew position..(b*) Intensity of the vector rotator R , in function of

the value of disk angle ﬂ skew position

100

I.B(@]) 75
Fgi (4’1) 50 WY QUQK L\UAI
Fp (¢1)

Figure 7

Intensity of kinetic pressure component F:;:z to self rotation shaft cylindrical bearing Bz of rigid

body coupled rotations around two orthogonal no intersecting axes and for system with one degree of
freedom, in orthogonal direction to the self rotation shaft axis, for different value of disk eccentricity

In Figure 8 graphical presentation of intensity transformation of kinetic pressure
component F:;:z to self rotation shaft cylindrical bearing B, of rigid body

coupled rotations around two orthogonal no intersecting axes and for system with
one degree of freedom, in orthogonal direction to the self rotation shaft axis, in
function of self rotation relative angle ¢,, for different disk eccentricity, is

presented. In Figure 9 intensities of kinetic pressure deviation couple to self
rotation shaft bearings of rigid body coupled rotations around two orthogonal no
intersecting axes and for system with one degree of freedom, in orthogonal
direction to the self rotation shaft axis, for different value of disk eccentricity are
presented.
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Figure 8

Intensity of kinetic pressure component F:;:z to self rotation shaft cylindrical bearing BZ of rigid

body coupled rotations around two orthogonal axes without intersection and for system with one
degree of freedom, in orthogonal direction to the self rotation shaft axis, for different value of disk
eccentricity.

0

M () N o, J | ) \ {

M2 (¢) _ f; N2 (¢) A \% \ \47

. 3 LICRS \ | / 7=
:i::: N 2 N4 () y / \\ // \ // 2
M /\ .
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a* . b*
Figure 9
Intensity of kinetic pressure deviation couple to self rotation shaft bearings of rigid body coupled

s L1

rotations around two orthogonal no intersecting axes and for system with one degree of freedom, in
orthogonal direction to the self rotation shaft axis, for different value of disk eccentricity.

Concluding remarks

Complexity of the single rigid body motion with coupled rotations about no
intersecting axes by vector method based on the mass moment vectors and vector
rotators coupled for pole on selfrotation axis and component angular velocity axes
is presented by sampler vector expressions them usually scalar forms in
professional books in this area. New approach and new composition of this vector
method open new way for applications to the multi-body system dynamics with
coupled multi-rotations about nonintersecting axes. New vector expressions for
linear momentum and angular momentum and their derivatives of the single rigid
body complex motion by coupled rotations about nonintersecting axes expressed
by new introduced mass moments vectors and their very elegant form open new
possibility for generalizations these expressions for describing multi rigid body
system complex motion by coupled multi-rotations about higher numbers of
nonintersecting axes large present in many real mechanical engineering systems
and robotic system dynamics with coupled multi-rotations.
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