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Abstract: In our paper, the class of graph tractable problems of mutual debt compensation
(MDC) among firms is introduced. We demonstrate that the debt compensation is related to
the optimization problems maximizing the circulation of the consecutive compensation in
the digraph of debts. Each optimization problem is firstly formulated by linear
programming methods. It is subsequently redeveloped in order to apply the more efficient
Klein’s cycle-cancelling algorithm. The class of the formulated compensation problems
consists of the following models: (i) the model maximizing the returns of the MDC
organizer; (ii) the model of profitable subsidies and (iii) the model minimizing the claims
exposition of the MDC organizer.
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1 Introduction

The increasing complexity of the economic environment and the large number of
heterogeneous agents participating in the market necessitate a new approach in
modeling creditor—debtor relationships. The seminal papers of Diamond and
Dybvig [6] and Allen and Gale [2] [3] offer the graph theory as an efficient tool
for modeling in this field. The subsequent boosting research performed mainly
during the last decade was primarily motivated by the existing financial crises, the
development of the complexity theory and the limitations of the traditional
econometric techniques. The research results demonstrate a significant impact of
the financial network structure on the financial risks given by the potential extent
of the insolvency contagion spreading through the net. Here, Allen and Gale [3],
comparing cycle and complete graph structures, conclude that the latter is more
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resilient to liquidity shocks. On the other hand, the application of more realistic
network structures using different methodologies leads to ambiguous results or
even controversy. For instance, Nier et al. [14] introduce the idea that “the effect
of the degree of connectivity is non-monotonic, i.e. initially a small increase in
connectivity increases the contagion effect; but after a certain threshold value,
connectivity improves the ability of a banking system to absorb shocks.” On the
other hand, according to Vivier-Lirimont [19], “financial fragility clearly depends
on several network characteristics. In particular, the higher the network
connectivity, the larger the number of banks involved in the contagion process,
and the quicker the contagion phenomenon.” Despite the above-given
controversies, we base our approach on the intuition that the increasing number of
debt relations has a positive impact on the danger of financial insolvency. That is
also a reason why the reduction of the debt relations becomes the primary goal of
our article.

However, determining a way to find possibilities for debt reduction in financial
networks, is not a new topic. Activities mobilizing economic agents to settle debts
and cut losses from the unpaid debts have been discussed in financial research for
a long time. Here, despite having many common features, the approaches differ in
some details. Rotemberg [15] deals with the problem of debt repayment between
ultimate lenders, ultimate borrowers and intermediaries. He considers rather
consecutive repayment of the debts that is restricted by the number of transactions
per time unit than debt compensation in the structure. The presence of a cycle in a
debt structure represented by a directed graph demonstrates the necessity for an
outer source of liquidity. Settling all the debts in the structure depends on the
order of the debt repayments made by particular subjects. Rotemberg [15] is
concerned with the amount of additional liquidity provided by some subjects from
outside the system to settle all the obligations inside the structure. Verhoeff [18]
uses graph representation to solve the problem of the settling of multiple debts
between agents. The goal is to find the optimal solution with an efficient method
that minimizes the number of links (transfers) between creditors and debtors and
the total amount of money transferred. An important assumption about the zero
total balance of transfers has been made. The efficiency of the transfer process
may be expressed by the limitation that no more than N —1 transfers are needed

in the graph with N vertices (N represents the number of indebted agents).
Moreover, if the cycle sub-graph exists in the structure of debts, the minimum
amount of owed money can be subtracted from each graph link. Boerner and
Hatfield [4] analyze the clearing process of debts between agents in the balanced
(the debts vs. claims position is zero for each agent) and the unbalanced financial
position. In the balanced case, the cycle removal mechanism that clears all debts is
used, while in the case of unbalanced positions of agents, consecutive removal of
debts in the chain is applied.

Our model is built on the aforementioned concepts; however, it differs in many
important aspects and motivations. The approach we use is devoted to the
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compensation of debts among the agents. Our methodology focuses on the
application of the standard graph theory algorithm to solve the debt compensation
process among firms, although the problem can be rewritten as an application of
the linear programming method with the minimization of debts in the given
structure as an objective function. The novelty can be seen in the introduction of
the following models: (i) the model maximizing the returns of the MDC organizer;
(ii) the model of profitable subsidies and (iii) the model minimizing the claims
exposition of the MDC organizer.

Our paper is organized as follows. In Section 2, the concept of a digraph of debts
is introduced. The formalism of the mutual debt compensation (MDC) process is
presented in Section 3. The standard graph approach of Klein’s cycle cancelling
algorithm, which solves MDC, is applied in Section 4. Modification of this
algorithm leading to maximal return of the MDC organizer is described in Section
5. Sections 6 and 7 introduce the concept of a mutual debt compensation organizer
in the form of a subsidy centre and the Ministry of Finance. Finally, the
conclusions are presented.

2 Digraph of Debts

Let V ={1,2,...,n} stand for a set of firms involved in a process of mutual
debt compensation. Let the debt that firm i owes to firm j be denoted as Yij-

We assume that, at most, one of two mutually exclusive situations Y; ; >0 and

Yii> 0 may occur. The debtor—creditor relationships are defined by a set
E={i,jleV?|y,;>0 as i=j} 1)

Here, the function y:E —R" assigns a real positive debt amount to each

debtor—creditor relation. Then, using the previous structures, we may introduce
formally a digraph of debts as follows:

G=(V,Ey) @)

As set V(i) denotes the in-neighborhood of vertex i (representing the list of its

debtors) and set V " (i) denotes the out-neighborhood of vertex i (the list of its
creditors), the receivables/debts balance of firm I may be expressed as

b= D viui— D Vi for ieV. ®3)

jev (i) jevt()
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In this formula, the total receivables of firm i, represented by Zjev’(i)iji , are

in part balanced by its total debts, represented by zj It is important to

eV*(i)yivJ' )
note that we assume fairness of MDC. This means that the balance between the

receivables and the debts expressed by Eq. (3) have to remain constant during the
MDC process. Quite obviously, the debt digraph property

ib(i) =0 @)

states that the total sum of receivables/debts is balanced.

3 The MDC Process as Cycle Elimination

This section may be perceived as an intuitive introduction to the methodology
based on the cyclic properties of digraphs. The presence of a cycle in the digraph
means the existence of a cyclical substructure of mutual debts in the world of

interconnected firms. Let C < G be a cycle in G (G defined in Eq. (2)).
Again, C may be written as ordered triple (V (C), E(C),y) comprising the set
of vertices V (C) together with a set E(C) of arcs quantified by the debt
strength described by the corresponding Yy weights. By defining the capacity of

cycle C as
¥(C) = min VY., (5)
ecE(C)

the weights of the edges of C may be reduced by subtracting the cycle capacity
y(C) from the weights of all the arcs lying in the cycle!. The assignments

Y. =Y¥.—Y(C), VeeE(C) (6)

yield debt compensation since they cause a reduction in the total debts in the
original digraph G . At the same time, the debtor—creditor relations represented
by at least one arc with zero weight are removed from cycle C (as well as from

Further, we are using double notation of the arcs. First, the notation yij with

subscripts comprising the ordered pair i, j is used if we want to stress the role of the
respective vertex; second, the general notation of the arc € is used to indicate an
element of E .

-10-
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digraph G) and thus the cycle is eliminated from G . Eq. (3) rewritten as
b(i) = (Z:J_E\/_(i)yj'i )—Yy(C) —[(Zje\ﬁ(i)yi’j )—Y(C)] demonstrates that
the receivables/debts balance of each firm before and after the compensation

remains conserved. The graph becomes acyclical due to consecutive application of
the procedure to all the cycles presentin G .

3.1 Example: The Change from a Cyclical to an Acyclical
Graph

Consider a simple structure of five firms with the debt structure given in Figure
1A. The debt structure creates a cycle given by a sequence of vertices and arcs 1,
[1.2]1, 2, [2,3], 3, [3.4], 4, [45], 5 [51] (i.e. a cycle with vertices
V(C)={1,2,3,4,5} and arcs E(C) ={[1,2],[2,3],[3,4],[4,5].[5,1]}).

Figure 1
A) The debt structure before compensation; B) The debt structure after compensation

The minimum debt in the cycle is a debt of size 1 between 2 and 3. The debt
structure in Figure 1B is obtained by the cycle elimination, i.e. subtracting 1 from
all the debts in the cycle. The resulting digraph becomes acyclical.

-11-
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4 MDC Based on Maximum Circulation in the
Digraph of Debts

Consider a strongly connected digraph G = (V, E, y) 2. In this graph, we define a
circulation function [see [7] p. 146] X : E — R, which satisfies inequality

0<x <V, )

and constraint

D Xi= D %, ieV. ®)
jevT (i) jev ()
Further, we will demonstrate the suitability of the circulation concept for MDC
modeling. The variable Xi is interpreted as part of a debt Yij which may be

compensated between firms i and . Therefore, the total amount of debts
compensated due to the pair-wise effect of circulation may be written as follows:

DX ©

[i,jleE

In the MDC process, the receivables/debts balance of any firm, must not be
worsened or improved. The relation in Eq. (8) reports the compensation of the
receivables and debts on the level of single firm i. Therefore, it is quite obvious
to expect that respecting this condition should not violate the balance of the
receivables/debts. Assume that before the compensation process starts, we have
b(i) expressed in the form of Eq. (3). Subsequently, adding zero in the form of

the right-hand side minus the left-hand side of Eq. (8) leaves b(i) unchanged:

b(i)= > (v5 =% )- > (yi,j -x,;) (10)
jev () jev ()

The original debts Y; ; are now expressed in the compensated form. From this it

follows that the minimization of debts becomes equivalent to the identification of
maximal circulation

max Z Xi | (11)
X [ijleE

2 The digraph G = (V, E, y) is strongly connected if for every pair of vertices

I, j €V adirect path exists from i to j aswell asfrom | to i.

-12-
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subject to the constraints expressed by Eq. (7) and Eqg. (8). The main reason why
we decided to pass to the maximum circulation problem is that it can be tackled by
means of the standard linear programming methods, as well as, standardized
special-purpose graph algorithms. For example, the application of Klein’s cycle
cancelling (see [12]), originally applied to find the minimum cost circulation,
might be possible®. The algorithm is based on the identification of all the cycles
and the determination of the optimal sequence of the elimination in the digraph
respecting the trade-off among the cycle capacities (see [7]). Based on Eq. (7), we

can conclude that if y; ; =0 then x;; = 0. Thus, the total debt minimization

does not cause the creation of new creditor debtor relations, which is considered
as an important aspect of the proposed model.

4.1 Example: Cycle Cancelling — from a Cyclical to an
Acyclical Graph

Figure 2 describes the mutual debts of five firms. The total amount of mutual
debts is equal to the sum of arc weights, i.e. $25 mil. There are three cycles in the
digraph. The first one is given by the debt sequence 1, [1,2], 2, [2,3], 3, [3,4], 4,
[4,5], 5, [5,1], 1, the second one by the sequence 1, [1,2], 2, [2,5], 5, [5,1], 1 and
the third one by the sequence 1, [1,3], 3, [3,4], 4, [4,5], 5, [5,1], 1. All these cycles
contain a common arc [5,1], which determines the minimum capacity in the
second and the third cycle. Consequently, the elimination of the second cycle
causes the elimination of arc [5,1] and thus the elimination of the first and third
cycles, too. On the other hand, the elimination of the third cycle causes the
elimination of the first and the second cycle (see Figure 3). In both approaches,
the digraph becomes acyclical, meaning that no more debts may be compensated
by the cycle cancelling. The total amounts of uncompensated debts are different in
the two cases (see Figure 3A, Figure 3B) — $19 mil. in the first case and $17 mil.
in the second one. It is quite obvious that the most appropriate method is to
eliminate cycle 1, [1,2], 2, [2,3], 3, [3,4], 4, [4,5], 5, [5,1], 1 first and then to
eliminate 1, [1,3], 3, [3,4], 4, [4,5], 5, [5,1], 1. We can see that elimination applied
in a suitable order causes the total amount of the uncompensated debts to remain
at the level of $16 mil. (see Figure 4).

3 We choose Klein’s algorithm for demonstrative purposes; more efficient circulation

algorithms were proposed later (Goldberg and Tarjan [10] is a good example).

~13-
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Figure 2
The structure of debts before their compensation

B. (y-x)

Figure 3
The remaining debt structure if: A) cycle 1, [1,2], 2, [2,5], 5, [5,1], 1 is eliminated; B) cycle 1, [1,3], 3,
[3,41, 4, [4,5], 5, [5,1], 1 is eliminated

(y-x)

Figure 4
The structure of debts that stems from the application of cycle cancelling

— 14—
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The above-formulated MDC heuristic is rather intuitive and does not provide the
optimal ordering of the cycle elimination. That is why it is inapplicable in the case
of large debt networks with a high level of density. Here, we decided to maximize
the graph circulation by the modified Klein’s cycle-cancelling method (see [12]),
which is extremely effective in enabling us to solve the extended graph problems.
However, we avoid the usage of large graphs in this article because our pictures
are intended to be easy to understand. We focus mainly on the economic aspects
of the debt problems. We did not want to spend too much time on some of the
finer details of the standard algorithm.

5 Return of the Mutual Debt Compensation
Organizer

Companies themselves are mostly unable to solve the problem of debts, which
needs extensive multi-company projects that can help to solve the problem by
initiating and organizing the process of debt compensation. In practice, the
organizer of MDC expects to be rewarded. Its return function c:E —<{0;1)
assigns a unit price per monetary unit of each compensated debt. More detailed
information may be captured by digraph G = (V, E, y,C). The total income of

the organizer can be written as

D Ci% g (12)
[i.jleE
The maximal return due to application of the circulation may be defined as
follows:

max Z G, % - (13)

Again, the optimization is considered in common with the constraints defined by
Eqg. (7) and Eq. (8).

6 The Subsidy Center and the Problem of Restricted
Subsidies

In practice, there are a few examples in which a non-participating subject enters a
debt structure to endow a highly indebted firm. It enables it to cover its debts,
which consequently allows the elimination of the whole chain of induced debts
caused by the insolvency of a highly indebted firm. Now, we formulate a model in

-15-
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which the subsidy centre does not know a priori which firm should be subsidized.
Conversely, the list of firms will be determined by the algorithm. In addition, we
assume that the sources available for providing the subsidies are restricted. The
vertex (N+1) is added to substitute the effect of the subsidy centre. All of its
relations will be represented by [n+1,i],i €V arcs. Assuming this structure,

the linear programming model from Eq. (13) takes the form

ma){ Z G i %, _zxml,i } (14)

X [i,jleE iev

> Xi— D %;=0 for iev={12...,n} (15)
jevT() jev*
D X <B, (16)
iev Y
0<x;<vy; forl[ijleE, 17)
0<Xyui<VYpq for ieV. (18)

According to Eq. (16), the total amount of the subsidies provided is restricted by
constant B . The subsidy provided to the i ™ firm is restricted by its upper bound,
expressed by Eq. (18). Now, we finish the specific MDC formulation for the
purposes of linear programming. This approach is, however, less efficient for the
solving of many vertex graph problems. Greater efficiency may be gained by
Klein’s cycle-cancelling method. In the next section, we will discuss its adaption
to the given problem.

6.1 Klein’s Cycle Cancelling Adapted to the Model of the
Subsidy Centre

Vertex (N+1) does not include any incident input edges; no circulation through
this vertex is possible. As a solution, we propose a modified debt digraph
G-= (V,E,V,C) with modified topology including subsidy vertex (n+1) as
well as auxiliary vertex 0. Formally,

V =V u{n+1} {0} (19)

All the edges {[n+1,i],VieV} weighted by Y, represent the possible

support provided by the subsidy centre localized at the vertex (n-+1). The arc
[0,n+1] enables us to create the flow condition (see constraint Eq. (8))

-16 -
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balancing the subsidy centre. Vertex O is balanced via additional edges
{[i,0], Vi eV}. Then, the edges of G may be specified as follows:

E = EU{[i,0]|i eV}U{[0,n+1]}{[n+1,i]|i eV} (20)

We now specify function Y : E —R", which consists of the additional rules
with respect to the original y

Yii=Vi; for [i, jl€E, (21)

Yio= Yo, for ieV, (22)

Youa =Min| B, > Vo |, (23)
iV~ (n+1)

yn+l,i = yn+l,i' (24)

Eq. (21) shows that the distribution of debts remains the same as in the original

debt digraph G, while Eq. (23) describes the total amount of disposable
subsidies. The remaining constituent of G represents the return C: E >R.

The costs of debt reduction per monetary unit are expressed by C, ,, ;

C;=¢c,; for [i,jleE, (25)
Co=0 for ieV, (26)
Cona =0, (27)
Coyy =—1 for ieV. (28)

After the above modifications, we obtain digraph 5, which enables the
application of the cycle-cancelling algorithm for the maximum return circulation.

6.2 Example: The Role of the Subsidy Centre

The structure of the mutual debts among the firms is represented in the digraph in
Figure 2. We considered $25 mil of the total mutual debts. The coefficients C; ;

are set to be equal to 0.5 for all the arcs’ returns. We assume that the subsidy
centre ((n+1) = vertex6) is allowed to provide a subsidy by an amount equal

-17 -
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to $2 mil. to the firms 1,3,5. The total sum of the subsidies is restricted by the
upper bound B = $3 mil. The diagram of this situation is presented in Figure 5.

Figure 5
The initial situation before the compensation of debts

The optimal solution of the above-mentioned optimization model is given in
Figure 6A. The sum of the compensated debts is $15 mil. The subsidy center
provides a subsidy to firm 1 to the amount of $2 mil. The residual debts are
represented in Figure 6B. It shows that the subsidies available were not

completely used and $1 mil. remained. The MDC organizer achieves a profit of
$5.5 mil.

Figure 6
A) The circulation of compensated debts; B) The structure of mutual debts that results from the process
of their compensation

-18 -
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7 Minimization of Receivables by the Ministry of
Finance

The organizer of the mutual debt compensation is unlikely to be interested in
diminishing the total debts in the whole complicated structure of debts; instead, he
claims to decrease the receivables/debts of a single particular subject. This
motivated us to consider a realistic situation, in which the role of the organizer of
debt elimination is the Ministry of Finance. On one hand, the Ministry collects its
income from firms (e.g. by way of taxes), but on the other hand it spends its
budget by carrying payments to the firms providing services. Here we do not pay
attention to the financial relations with another subjects. Let V ={1,2,...,n} be

a set of firms. By formulation in terms of graphs, the Ministry of Finance,
represented by vertex N+1, is intended for mutual debt compensation. Then, a

set V =V w{n+1} involves all the subjects included in the compensation
process. Let Y, ., represent a debt of firm i towards the Ministry and Y, ,, j

represent the receivable of firm | towards the Ministry. The comprehensive debt
structure is represented by

E=EU{ln+1,jlljeV, Y., >0}u

U{[i,n+1]lieV,y,,,, >0}, (29)

where the structure of debts E is defined in Section 2. The function Y assigning
a particular debt to each debt relation is defined as follows:

y:E >R, (30)
where

Yij=VYi; for [i jleE, (31)
Vinia = Yinun for ieV, (32)
Yourj = Yy fOr  jev. (33)

The digraph G= (\7, E, y) represents the mutual debt structure among the

firms and the Ministry. The receivables/debts balance of the Ministry is expressed
as

Z yi,ml - Z )_/M,j = b(n +1) (34)

ieV ~(n+1) jev t(n+1)

-19-
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By following the ideas introduced above, we define circulation

Xx:E >R 0<x <V, ieV, (35)
IR TED IS Y (36)
JEA0) jev (i)

as mutual debt compensation given in a digraph of debts. It should be noted that if
the receivables/debts balance of subjects 1,2,...,n in digraph G = (\7, E, )7)
remains constant in the process of the mutual debt compensation, then the balance
of subject N+1 remains constant, too. This prevents the Ministry from improving
its receivables/debts balance by organizing the mutual debt compensation. The

proof is based on the fact that the sum of the receivables/debts balances of all the
subjects before debt compensation is (see Section 3)

Z( Z yj,i)_Z( Z yi,j):o- (37)
iV v () iV v (i)

The balance condition must also be satisfied after the compensation, i.e. for

Z( Z (yj,i_xj,i)_Z( Z (yi,j_xi,j))+

iV v (i) iV jert (i)

+ Z (yi,n+1 - Xi,n+1) -
ieV ™ (n+1)

- Z (yn+l,i - Xn+1,i) =0. (38)
ieV t(n+1)

If the fairness condition of the compensated debts is satisfied for each of the N
participating firms

PIRSTEEDIRFT (39)
eV (i) eV (i)
the following condition must hold, too
Z 2 Xj.i :Z Z Xi i (40)
IV jevr (i) iV jev (i)

It directly implies the fairness of the compensation of the Ministry of Finance:

Z Xi,n+1: Z Xn+1,i' (41)

ieV " (n+1) iVt (n+1)

-20-
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The problem of the minimization of Ministry receivables may be modeled as the
maximization of the objective function:

maXx Z Xi,n+1 (42)
ieV " (n+1)

D ox= D %, for ieV, (43)

JEA0) JEVA0)

0<x;<V, for [ijleE. (44)

Such formulation admits the application of the linear programming methods. They
are efficient for graphs of a small or moderate size. On the other hand, Klein’s
cycle-cancelling method, discussed in the next subsection, represents a more
suitable tool for larger graphs.

7.1 Receivables of the Ministry of Finance Tackled by Klein’s
Cycle-Cancelling Method

The implementation of new virtual vertex O in order to apply Klein’s cycle-
cancelling method yields

V =V U{0} (45)

Then, all the arcs entering vertex (N+1) are redirected to the virtual vertex O,
i.e.

{li,n+1][i eV;y; ... >0} >{[i,0]]i eV} (46)

and a new arc [0, n+1] is added. It yields the set of arcs

E=EU{[i0]lieV, Y. >0}{[0,n+1]}u
W{[n+1,i]lieV,y,,; >0} (47

The function ¥ : E —R" is defined as

yi,j =Y for [i, j]€E, (48)
Vio = Yinn for i€V (n+l), (49)
Yona = Z Yins (50)

ieV " (n+l)

~21-
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Yoii = Yoy TOr ieVv. (51)

Due to the fact that digraph G= (\7, E, y) contains vertex O, the minimization
of the receivables becomes equivalent to the finding circulation with the
maximum value along arc [0,n+1]. This leads us to the application of the

aforementioned maximum return circulation method with the return function
elements

G,;=0 for [ijleE, (52)
Co=0 for ieV, (53)
Conn =1, (54)
Chy; =0 for ieV. (55)

7.2 Example: The Ministry of Finance as the MDC Organizer

Let the initial situation of mutual debts be represented by the digraph in Figure
TA. The vertex enumerated by 6 represents the Ministry of Finance. The Ministry
has receivables towards firm 5 to an amount of $2 mil. and towards firm 4 to an
amount of $3 mil. The Ministry owes $5 mil. to firm 1 and $1 mil. to firm 3. We
assume that the Ministry organizes the compensation of mutual debts whereby the
minimizing of its receivables is its obvious objective function (see Eq. (42)).

Figure 7
The initial situation before debt compensation

A) G= (V , E, )_/) to be solved by the linear programming methods

B) G= (V , E, y) to be solved by an appropriate cycle-cancelling method

-22 -
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In order to enable the application of the circulation algorithm, we extend the
digraph that includes vertex O (see Figure 7B). Accordingly, the arcs [4,6] and
[5,6] with weights 2 and 3 in Figure 7A are redirected to the 0 (see Figure 7B). In
addition, a new arc [0,6] with debt weight 5 is created. This modified digraph
becomes ready for the application of the circulation maximization along [0,6].
After the application of the cycle-cancelling method, the residual debts diminish
to 14 (see Figure 8B). All the cycles are eliminated from the final form of the
digraph.

Figure 8
A) The circulation of the compensated debts; B) The resulting structure of debts

Conclusion

In this paper, we discuss the principles of the graph theory that are relevant to
performing the MDC procedure. Principally, new formulations are presented,
including models with a subsidy center and their conversion into a form tractable
by Klein’s cycle-cancelling algorithm. Besides the solving of the general task of
the cycle cancelling, we demonstrate the method’s applicability to the problem of
receivables of a single selected firm. Our research shows that both topic and
methodology are still far from being exhausted. The approach can be adapted
straightforwardly to digraphs of the International relationships among the
countries—vertices equipped with the import—export links. The impulses for
ongoing research may come from studies on the altering nature of the economic
world. Dynamic graph models of debt structures should be introduced that
formalize the concept of the flexible links. These can be transformed under the
influence of the stochastically varying external conditions represented by the
reevaluating/devaluating domestic currency.
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