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Abstract: This paper presents the design of a reduced complexity state convergence 

controller, termed as composite state convergence controller, for a single degree-of- 

freedom nonlinear telerobotic system. First, nonlinear master and slave models are 

feedback-linearized and composite states are formed by combining their respective position 

and velocity signals. These composite master and slave states along with the operator’s 

force are then transmitted across the communication channel instead of full states. In this 

way, the complexity of communication structure is reduced. An augmented system 

composed of composite master and slave states is finally constructed and method of state 

convergence is applied to compute the control gains of the proposed scheme. It is shown 

that position and velocity states of the master and slave systems still converge in the 

absence and presence of time delays, even though the design is based on the reduced order 

composite system. The validity of the proposed scheme is confirmed through MATLAB 

simulations as well as semi-real time experiments. 

Keywords: state convergence; nonlinear telerobotic system; feedback linearization; 

composite states 
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1 Introduction 

A telerobotic system is used to perform a task in a remote location under the 

control of a human operator. In order to properly execute the task, feedback from 

the remote location is desired. The presence of feedback turns the unilateral 

telerobotic system into a bilateral one. This feedback can be audio, video or force 

signals. The force feedback can considerably improve the operator’s perception of 

the remote environment. However, the control design of a telerobotic system 

involving force feedback becomes a challenging task, especially in the presence of 

time delays. Therefore, many research efforts have been directed to design such a 

robotic system [1]-[4]. The stability of a time-delayed robotic system was not 

guaranteed until the groundbreaking work of Anderson and Spong who employed 

the concepts of transmission line theory to stabilize the telerobotic system in the 

presence of time delays and force feedback [5]. Wave theory formalizes the 

transmission line concept and has become a popular framework for designing 

telerobotic systems [6]. The issue of wave reflection in wave-based telerobotic 

systems has also been addressed in the literature and improved wave-controllers 

have been proposed [7]. Further, more refined telerobotic systems have emerged 

which utilize wave variables in conjunction with neural networks [8]. The other 

control techniques such as H-∞ [9], sliding mode [10], adaptive control [11], 

fuzzy logic [12], disturbance-observer based control [13], etc. have also been 

utilized in designing telerobotic systems. 

State convergence theory offers a simple and elegant way of designing the 

telecontrollers. This is a model-based linear control algorithm that allows the 

modeling of a telerobotic system on state space and requires the solution of 3n+1 

design conditions for establishing the motion synchronization of nth order master 

and slave systems [14]. Various forms of these control algorithms are proposed in 

the literature. For instance, a state convergence controller with transparency 

condition is proposed in [15]. In another study, the state convergence controller is 

designed when an environment model is not available [16]. The design of 

nonlinear telerobotic systems based on state convergence theory has also been 

discussed. For instance, feedback linearization theory has been utilized to 

transform the nonlinear telerobotic system into a linear one and a state 

convergence algorithm is then employed to compute the control gains [17]. In 

another study, TS fuzzy model of the nonlinear telerobotic system is constructed 

and an appropriate parallel distributed compensation control law is designed 

whose gains are computed using the method of state convergence [18]. 

This paper is an extension of our earlier work on the channel simplification of the 

state convergence controller where we have only considered a linear telerobotic 

system [19]. The simplified architecture, termed as composite state convergence, 

allows transmitting fewer variables while the desired system behavior is also 

achieved at the same time. In this paper, we show that our reduced complexity 

algorithm can still be applied to a nonlinear telerobotic system. To this end, we 
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first utilize the feedback linearization theory to transform the nonlinear telerobotic 

system into a controllable linear system. In the second stage, composite states are 

constructed for the transformed master and slave systems. An augmented system 

is then formed from the composite slave and error systems. Finally, method of 

state convergence is employed to compute the control gains of the proposed 

composite state convergence controller. In order to validate the proposed scheme, 

simulations are performed in a MATLAB/Simulink environment where both the 

delay-free and delayed communication is considered. Semi-real time experiments 

using the haptic device are also conducted. 

This paper is structed as: Problem formulation is given in Section 2. Controller 

design is described in Section 3 and Results are presented in Section 4. 

2 Problem Definition 

Consider a single degree-of-freedom nonlinear teleoperation system as: 
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Where , , , , , , , ,x x x x x x x xm l b J g u   are the mass, length, friction coefficient, inertia, 

angular position, angular velocity, angular acceleration, acceleration due to 

gravity and torque inputs for the master  x m /slave  x s systems, 

respectively. Also, 
mF and 

eF are the operator’s and environment forces, 

respectively. By defining angular position and angular velocity as state variables 

i.e. 1 2 1, ,x x x x x xx x y x    , nonlinear dynamics of (1) can be written as: 
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                 (2) 

The objective of the present study is to design control inputs for the master and 

slave system such that the slave is able to follow the master system and the 
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environment force is also reflected to the operator as the slave interacts with the 

environment. Mathematically, 

1 1lim 0

lim 0

m s
t

m e
t

x x

F F
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 
       (3) 

Where ,  are scaling constants for the position and force responses, 

respectively. To achieve the objective in (3), we present a feedback-linearization 

supported composite state convergence controller in the next section. 

3 Proposed Controller 

The proposed tele-controllers for the position and force tracking task (3) are 

developed using the feedback linearization and composite state convergence 

theories. To start with, we recall the fundamentals of exact linearization. 
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system z Az Bv  is linear and controllable in new coordinates. The coordinate 

transform, nonlinear input and the resuting linear system are given as: 
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Where  fL h x is lie-derivative of  h x in the direction of  f x  and is 

determined as    
1

n
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The application of Theorem 1 on the nonlinear master and slave models in (2) 

yields the following linearized tele-robotic system: 
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After the master and slave systems are exactly linearized through (5), 

communication between them is established using the composite state 

convergence methodology proposed by the authors. The overall control scheme is 

shown in Fig. 1. We now show the convergence of master and slave systems’ 

states as well as force reflection ability of the proposed scheme. 
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Figure 1 

Proposed Scheme 

Theorem 2: The slave system is able to follow the master system in the absence of 

communication time delay if gains of the composite state convergence controller 

are found as a solution of the following design conditions: 
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2 1 0G                        (6) 

0s s m mk r k r                        (7) 

s sk r p           (8) 

m sk r q           (9) 

Proof: Let us define the composite states for the master  ms  and slave  ss  

systems as: 
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                                                             (10) 

The time derivative of (10) along with (5) yields the composite dynamical system 

as: 

2
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Let us define the control inputs for the feedback-linearized tele-robotic system as: 
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By plugging (12) in (11), we get: 
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Let 
e s ms s s  be the composite error. The composite error dynamics can be 

written using (13) as: 
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We now form an augmented system comprising of composite slave and error 

systems as: 
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We now allow the composite error to evolve as an autonomous system, which 

yields the design conditions (6) and (7). The charateristic equation of the 

remaining augmented system is finally compared with the desired polynomial 

   0s p s q   which yields the design condition (8) and (9). Now, it is left to 

show that states of the slave system converge to the states of the master system 

with the control gains in (6)-(9). These control gains yield the closed loop master 
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as well as slave system as  1 1z z z z mx p x p F     which implies that slave 

position can be made to track the master position with the scaling factor as 

m

s





 which also implies the zero convergence of the velocity states. This 

completes the proof. 

Theorem 3: The motion of the slave system will be synchronized with the master 

system in the presence of communication time delay (T) if control gains of the 

composite nonlinear controller are found as a solution of the following design 

conditions: 
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Proof: Consider the tele-robotic system of Fig. 1 with time delay, T in the 

communication paths. Let the virtual inputs for the master and slave systems be 

introduced as: 

 2m m m m m m s mv x k s r s t T F                      (20) 

   2 2s s s s s s m mv x k s r s t T G F t T                      (21) 
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Let us now use the first order Taylor series expansion on the time delayed signals 

with the assumption of constant operator force, i.e.  
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Based on the above Taylor expansion and using the definition of composite error, 

the closed loop delayed composite master and slave systems can be written as: 

 
      22

1
1

1
m m s m m m s s m m s e m m

s m

s k Tr r r Tr k s r Tr k s Tr G F
T r r

       


(24) 

 
      22

1

1
s s s m s s m s s s m e s m

s m

s k Tr r r Tr k s r Tr k s G Tr F
T r r

       


     (25) 



M. U. Asad et al. Design of a Composite State Convergence Controller for a Nonlinear Telerobotic System 

 – 164 – 

We now write the composite slave-error augmented system: 
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                    (26) 

The composite error system is now allowed to evolve as an autonomous system 

which leads to the design conditions (16), (17). The rest of the augmented system 

is then assigned the desired dynamics formed from the poles ,s p s q    . This 

assignment leads to the design conditions (18), (19). An analysis similar to 

Theorem 2 reveals that the slave system indeed follows the master system. The 

proof is now completed. 

4 Results & Discussion 

The proposed composite nonlinear state convergence controller is simulated in 

MATLAB/Simulink environment to evaluate its effectiveness in motion 

synchronization of master and slave systems. For the purpose of simulations, 

parameters of the tele-robotic system are adopted from [17]: 
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We first perform simulations when no time delay exists in the communication 

channel. To this end, let the desired poles be placed at 

2, 20s p s s q s      and let the motion scaling constants be selected as 

unity. The design conditions in Theorem 1 are then solved and following control 

gains are obtained: 
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                                 (28) 

By assuming zero initial conditions for both the master and slave systems, tele-

robotic system is simulated under a constant operator’s force of 0.2 N and the 

control gains of (28). The result is depicted in Figs. 2-3. It can be seen that the 

composite states convergence and this leads to the convergence of master and 

slave systems’ states. The motion scaling property of the proposed controller is 
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also evaluated in simulations. Let it be desired that slave’s motion converges to 

50% of the motion of the master system which leads to the selection of slave’s 

scaling constant as 2s  . The simulations are now run with the control gains of 

(28) and the result is shown in Fig. 4. It can be seen that the slave’s position 

response is indeed 0.5 times the position profile of the master system. 

We now test the proposed controller when time delay exists in the communication 

channel. Let the time delay be 0.2 s in each direction. With the parameters of the 

tele-robotic system in (27) and using the same desired dynamics as in the delay-

free case, control gains are found based on the design conditions of Theorem 3 as: 
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                   (29) 
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Figure 2 

Position synchronization with no communication time delay 
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Figure 3 

Velocity synchronization with no communication time delay 
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Figure 4 

Motion scaling with no communication time delay 
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By selecting    0 0 0, 1m s m sx x      and with a constant operator’s force of 

0.2 N, we run the time-delayed tele-robotic system under the control gains of (29) 

and the results are shown in Figs. 5-6. The analysis reveals that the composite 

slave system follows the composite master system which leads to convergence of 

the position and velocity states of the master and slave systems. The motion 

scaling ability of the time-delayed tele-robotic system is also investigated. To this 

end, reference for the slave system is set as 
10.25 mx which implies 4s  . The 

simulation result, as obtained under the control gains of (29), is shown in Fig. 7. It 

can be seen that the motion of the slave system has been achieved as desired.    

 

  

0 2 4 6 8 10 12 14 16 18 20
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

Time(s)

Position Synchronization with Communication Delay

 

 

s
m

s
s

x
m1

x
s1

 

Figure 5 

Position synchronization with communication time delay 
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Figure 6 

Velocity synchronization with communication time delay 
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Figure 7 

Motion scaling with communication time delay 
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We now include some semi-realtime results of the proposed nonlinear controller 

which are obtained using haptic device in QUARC/Simulink environment. A 

time-varying operator’s force is generated by operating the haptic device along a 

single axis and trajectories of the resulting master and slave systems are recorded 

in a time-delayed environment under the control of (29). The results are shown in 

Figs. 8 and 9. It can be seen that the slave is following the master system and the 

states finally convergence when the operator’s force becomes constant. 
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Figure 8 

Position synchronization with communication time delay under time varying applied force 
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Figure 9 

Velocity synchronization with communication time delay under time varying applied force 

Conclusions 

This paper has presented the design of a composite state convergence controller 

for a one degree-of-freedom nonlinear telerobotic system. To deal with the 

nonlinearity in the master and slave systems, s feedback linearization algorithm is 

used. The exactly linearized master and slave systems are then used to form the 

lower complexity composite systems. Through the use of a similarity 

transformation, a composite slave-error augmented system is constructed. After 

the composite error is made to evolve as an autonomous, desired behavior is 

assigned to the telerobotic system. This results in four design conditions which are 

solved to determine the four unknown control gains. Simulations, as well as semi-

real time experiments, are finally performed in MATLAB/Simulink environment 

which shows good performance of the telerobotic system in the absence and 

presence of communication time delays. 
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