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Abstract: The componentwise (exponential) asymptotic stability, abbreviated as CW(E)AS,
is a special type of asymptotic stability which ensures the individual monitoring of each
state-space variable of a dynamical system. Our paper provides sufficient conditions for the
CW(E)AS analysis of Bidirectional Associative Memory (BAM) neural networks with
uncertainties both in the parameters and in the activation functions. These conditions are
formulated in terms of Hurwitz stability of a test matrix built from the information available
about the uncertainties affecting the dynamics of the considered BAMs. Some interesting
results are derived as particular cases, which allow comparisons with several other works
addressing the stability of Hopfield neural networks.
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1 Introduction

Consider the bidirectional associative memory (BAM) neural network without
delay described by

$(2)= A'X'(e)+ w2 f? (xz )+11, x'(z,)=x) e R” 0
()= A% )+ W' f! (x1 )+12, x(t,)=x2 e R"
where Alzdiag{all,aé,...,afn}, Azzdiag{af,af,...,af}, le[w},], sz[wﬂ
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are matrices of appropriate sizes, X =|x,X,,...,X,, | , X~ =|X,X5,...,x, | are the



state vectors and 1" =[111,I§, . m] I’= [112,122, ,ﬂr are the input vectors (7

denoting the vector transposition).

All the components of the activation functions f':R" —R",
L EOLACD, L@ @) ] and flR SR
f 2(x2)=[ f,z(xlz), f22(x22),..., fnz(xf)]r are nondecreasing and globally Lipschitz

continuous, i.e. for all izl,_m, j :I,_n , there exist Lﬁ,Li. >0 so that

0<O=1© o SIO-[6) L. o

r—=s r—s

for all 7,5 € R,r # 5. Obviously, these hypotheses on f' and f 2 ensure that
the Cauchy problem (1) has a unique solution xl(t):xl(t;to,x(l),xé),
xz(t):xz(t;to,x(l),xg), which is defined for all z>7,>0. Moreover, (2) implies
that if f is continuously differentiable on R, then its derivative satisfies
0<df(s)/ds<L foralls € R.

Recent papers, such as [1] — [4], provide sufficient conditions, formulated in
algebraic terms, for the global (exponential) asymptotic stability of BAMs. These

results are presented in the broader context of delayed states, but they are also
applicable to BAM (1).

For many problems encountered in practice it is important to consider that the
entries of the matrices A, W* | k=1,2, defining the dynamics of BAM (1), are
uncertain, in the sense of the matrix componentwise inequalities:

A dlag{gg .,gin}SAlSlediag{c_zll,Ezl,...,E,L},
A? :diag{gf,gg,... a2}£A2 <A’ =diag{@.a;,...a, |,
W= —11]: [ !;Q’
Lot LW = v

J=ln Jj=ln

Consequently, let us introduce the following classes of matrices:

A] — {141 c ERmxm
A2: {AZ c ERnxn

1 1 —1
A'<4 SA}

AzsAst} )




le %/Vl ESRnxm
sz %/VZ EiRmxn

When discussing the uncertainties that can affect the dynamics of BAM (1), it is

KlswlsV_Vl},

W <w? SWZ}

also natural to take into consideration the classes of activation functions F ! and
F ? defined by positive vectors A'= [/111,]21,. . .,l;l]r >0  and

A’ 2[/112’/122’”.,/1”211 >0 as follows:

1 1
inf{Lﬁ >O|OSMSQ,V&S€§RJ¢S}SE}

r—=s

S )= 17(s)

inf L3.>0|O£ SLi,Vr,seiR,r;ts Sﬂj. 6)

for i =1,_m, Jj =1,_n, ensuring desired bounds for the slope of each component of

the vector functions f Kok =1,_2 .

This paper proves that the stability of a single test matrix guarantees a stronger
stability property of BAM (1), called componentwise stability, for all AFeA
whew ¥ f keF /‘, k:l,_2. Unlike the standard concepts of stability, that

give global information on the state-space vector, expressed in terms of arbitrary
norms, the componentwise stability allows an individual monitoring of each state-
space variable. This type of stability was first studied by Voicu in [5] who applied
the theory of flow-invariant time-dependent rectangular sets to define and
characterize the componentwise asymptotic stability (CWAS) and the
componentwise exponential asymptotic stability (CWEAS) for continuous-time
linear systems. Further works extended the analysis of componentwise stability to
continuous-time delay linear systems [6], 1-D and 2-D discrete-time linear
systems [7], interval matrix systems [8] and a class of Persidskii systems with
uncertainties [9]. Despite the existence of these results, the componentwise
stability of recurrent neural networks remained almost unexplored, except for a
reduced number of recent papers [10]-[13].

Our paper develops a robustness analysis for CWAS/CWEAS of BAM (1) with
respect to both the parameters (in the sense that A eA *, WreW ¥, k=1,2)

and the activation functions f FeF *, kzl,_Z. The concepts employed by our

work are rigorously defined in Section II. Section III provides the main results,
consisting in sufficient criteria for the CWAS/CWEAS of BAMs with



uncertainties. Section [V creates a deeper insight into some frequently encountered
particular cases and allows comparisons with other papers. A few final remarks
are formulated in Section V. All over the text, the vector (matrix) inequalities have
componentwise meaning.

2 Preliminaries
Assume that BAM (1) has a finite number of equilibrium points and let
xe:[x:fxgk]r be one of these, ie. Alxi+W2f2(x§)+11:0 and
AX; W (x))+ 1P =0.
Definition 1. (a) Let p' and p> be two vector functions p':R LR,
p’ iR, > N", continuously differentiable, with positive components

1 c_ 1 2 .1 .
pi(0>0,i=lm, p;(®)>0, j=1n, meeting

limp*(1)=0, k=12. (6)
1—00

If for any #,€%R, and any initial condition x,=|x;" xoﬂr, x; € R",

x; € R", satisfying |x(’§ —x"< p*(t,) , k=1,2, the corresponding solution to (1),

x(1) =[x1(t)’ xz(t)f]r, xO=x"t:tx,)), Kk =1,2, meets the inequality

|xk(t)—xf <pt@), VteR,, t21,, k=12, then we say that the equilibrium

+
point x, of BAM (1) is componentwise asymptotically stable with respect to P
and p?, abbreviated as CWAS( p', p*).

(b) The equilibrium point x, of BAM (1) is globally CWAS( p.p*), or
CWAS(p',p?) in the large, abbreviated as GCWAS(p',p*), if x, is

e

CWAS(cp',cp?) for any scalar ¢>0.

(¢) BAM (1) is said to be CWAS( p', p*) if it has an equilibrium point x, thatis
GCWAS(p', p*). n

Remark 1. Tt can be proved that (a) if an equilibrium point x, :[xlr x| of

BAM (1) is CWAS( p', p*), then it is also uniformly asymptotically stable in the
sense of the standard definition (e.g. [14], pp. 107); (b) if an equilibrium point



xe:[x:fxfTT of BAM (1) is GCWAS( p',p?), then it is also uniformly

asymptotically stable in the large in the sense of the standard definition (e.g. [14],
pp- 108). ]

Until this point of our presentation the time-dependence of the vector functions
pi(t), k=12, was considered arbitrary. If the CWAS property exists for the
particular form of the vector functions

plt)=e"a',p*(t)=e"a’,teR,, -
oe(-w0)a' eR",a'>0,a> eR",a* >0,

then we refer to a special type of stability property called componentwise
exponential asymptotic stability, abbreviated as CWEAS, and Definition 1 yields
the following:

Definition 2. If the hypotheses of Definition 1(a, b, ¢) are fulfilled with p*(¢),
k=12, given by (7), then we say that: (a) the equilibrium point x, is
CWEAS(o,a',a*); (b) the equilibrium point x, is globally CWEAS( o.a',a),
abbreviated as GCWEAS( o,a',a”); (¢) BAM (1) is CWEAS( o, a',a?). "

Remark 2. It can be proved that (a) if an equilibrium point x, =[xi’ xff]r of

BAM (1) is CWEAS(o,a',a”), then it is also exponentially asymptotically stable
in the classical sense (e.g. [14], pp. 107); (b) if an equilibrium point

xe:[x;f xjf]f of BAM (1) is GCWEAS(o,a',a”), then it is also globally
exponentially asymptotically stable in the classical sense (e.g. [14], pp. 108). =

3 Main Results

3.1 CWAS of BAMs with Uncertainties

Theorem 1. BAM (1) is CWAS( p',p?) for arbitrary A*eA * Wwrew *,
freF * ok =l,_2, if the following inequalities hold

. | 11 {72A2 2
pPOzApO+W AP M), i 8
pz(t)z;lzpz(t)+W1A1pl(t), e, (3

where matrices W* L ARk :1,_2 , are defined by



7l Al nxm A1 1 —1
W= [wﬁ]e R™ W, :max{v_vﬁ l,| Wi |£
2 ~2 mxn A2 2 —2
w =[wﬂ.]eiR ,wﬁ=max{v_vﬁ || wji |}
A= diag{ﬂi,/llzr..,/ﬁn}e R

N :diag{if,ﬂé,...,ifn}e K™

(€))

Proof: Given arbitrary AFeA B owrkew b f/‘ eF *, kzl,_2, the dynamical
behavior of the state-space trajectories of BAM (1) in a vicinity of the equilibrium
point x, :[xif xjf]f may be analyzed by means of the deviations y*=x*—x*,

k= 1,_2 , that satisfy

PO=AY'0+Wg (y©0), y'@)=x5-x.

0
PO=Ay0+W'g' (y'(0), y)=x5-x, (o
where
2= Hx)-fex), an

g W= x)-1(xD).

Obviously, x, is CWAS( p', p*) for (1) if and only if y,=0 is CWAS( p',p*)

e

for (10). The components g} s i:I,_m , and gjz. , J :I,_n , of the activation functions

g' and, respectively, g, are continuous, nondecreasing and satisfy the sector
conditions derived from (2):

1 2
0<8 My 08D p (12)
r 19 r _]’
forall re R, r=0.

For any ¢>0, using equations (10) corresponding to a generic equilibrium point
x, of (1) and taking (12) into account, we get



alepl) -3 Wi (V) <@eplt) +
=
+ﬁmax{—w§g§<—cp§(t» w2kt <
<@eplt)+ Y22 max {|wi || W} |} p3(0),

\ a (13Y
ajepi(O)+ > w;g; (v)) <@ep| () +
=1

+_Zmax{Lv;gf-(—cpf-(t)),v‘ngi(cpia))}s
<Feplt)+eY 22 max {|w; || W} |} p7(0),

J=1

and, analogously,
asepi(t)— Z whigi () <
<@epX()+c3 A max {| wh, ||} [} p} (0),

i =l (13%)
asep(t)+ Y whigl(v) <
i=1

m
< Efcpjz.(t) + cz ,1[1 max {| v_vj.,. || Wj.l. |} p}(t),

i=1
forall 10 and all y} €[-cp}(t),cp/(®)], i=Lm, v} e[-cpi(0),cp; ()], j=Ln.If

(8) is satisfied, it follows that

—cpi (1) S—ajep}(O)+ Y wig; (V7).

J=1

i=lm,
cp; ()2 ajep; (t)+Z wigi (),
(14)
—epj(0) < —a;cp; (r)+Zw},-g3 oD
= j=ln,

m
PO ajep 0+ 2 gl ()

for all £>0, and all y[1 e[—cp}(l),cp}(t)] ,i=Lm, yf e[—cpjz.(t),cpjz.(t)],j=l,_n,
which, according to [15] (Lemma 4.2, pp. 74) is sufficient for the equilibrium
point y,=0 of system (10) to be CWAS( cp',cp?). Since this happens for all



¢>0, the equilibrium point x, of BAM (1) is GCWAS( p',p*), meaning that
BAM (1) is CWAS(p',p*). This conclusion can be drawn for all BAMs
described by (1) with A*eA ©, wrewW ¥, f*eF *, k=12, which
completes the proof. u

It is interesting to notice that the sufficient condition (8) stated by Theorem 1 can
be equivalently written by using the augmented vector function

piR SR po=[p'O" PO, (15)

and the matrix ® € R ") Gefined by

4 o] o w*A" o A WA’
®:[0 ZJ{WI 0}[0 AZ}ZLVAI 2 ) (1

with matrices W* LAYk :1,_2, given by (9).

Corollary 1. BAM (1) is CWAS( p', p*) for arbitrary A*cA *, whew *,
f FeF *, k:L_2, if the vector function p(f) (15) satisfies the differential
inequality

plt)>0p(r)vien,, (17)
where matrix @ is given by (16). ]

Corollary 1 suggests us to explore the role of matrix ® in ensuring the
CWAS( p', p*) of BAM (1) with uncertainties. Let us first notice the special

structure of the test matrix ® given by (16), which is essentially nonnegative (all
its off-diagonal elements are nonnegative). This remark motivates us to present
some preparatory results.

Lemma 1. Let ¥ = [\Pl.j]e R?™ be an essentially nonnegative matrix and let us

denote by v,(¥), i =E , its eigenvalues. Then, ¥ has a real eigenvalue (simple
(¥), which fulfills the dominance condition

¥), i=lgq.

or multiple), denoted by v,

Re[v;,(W)]< 0, (¥) forall i 25. Moreover, ¥, <u,

max max

Proof: It results from ([8], Lemma 2.1) and from ([16], Corollary 8.1.20). u

Lemma 2: If both matrices W,Z € R™ are essentially nonnegative matrices
with W <E , then v, (P)<0,..(E).

max



Proof: Consider s>0 such that w,+s>0, i=1,g. Thus, the matrices
W +sI <E+sI are nonnegative and we use ([16], Theorem 8.1.18). [ ]

Lemma 3:1f V¥ = I:\Pij ] € R™ is an essentially nonnegative matrix, then, for any

re R, with v

max

(¥)<r, there exists a positive vector ¥ € R",» >0, such that
Yy<ry.

Proof: Construct the nonnegative matrix s/ +¥ with s+y,; 20, izﬁ . For any

reR satisfying (W)<r, there exists &=¢()>0 such that

Umax
Uy ST+ +EE)<s+r, where E = [ey.]e R, with ¢, =1, i,j=1q. Thus,
for the Perron eigenvector ¥ € R?, 7 > 0, of the positive matrix sI+¥ +cE >0
we can write

(SI+¥Py<(sI+¥Y+eEy=v,, (SI+¥Y+cE)y<(s+r)y .

Note that when W is irreducible, the existence of its Perron-Frobenius
eigenvector ¥ € R?, ¥ > 0, ensures the equality ¥y =v,, (¥)y . ]
We are now able to establish the following result.

Theorem 2. If matrix @ defined by (16) is Hurwitz stable, then there exist two
vector functions p*(r), k =1,2 , satisfying the conditions from Definition 1 so that

BAM (1) is CWAS( p', p>) forall A“cA *, whew *, fFeF *, k=1,2.

Proof: Indeed, if ® is Hurwitz stable, then the vector function

pO)=® p(0)+ [ ()¢ , >0,

(defined with p(0)>0 and adequate w(&)>0, £>0, such that
}1_)12 J‘;e(a([_g) v(&)dE=0), satisfies the differential inequality (17) and p(t)>0,
VteR,, }gg p(t)=0 . The two functions ensuring CWAS( p', p*) result from

the appropriate partitioning of p, in accordance to (15). u

Remark 3. Since matrix ® defined by (16) is essentially nonnegative, the
requirement “® Hurwitz stable” from the hypothesis of Theorem 2 is equivalent
to “—@ nonsingular M-matrix” [18]. ]



3.2 CWEAS of BAMs with Uncertainties

Theorem 3. BAM (1) is CWEAS(o,a',a?) for all A*eA *, wrew ¥,
f FeF %k :l,_Z , if the following algebraic inequalities hold
oa'>A'a +W2A2a2,
oa’> Ao’ +W'A'a.

(18)

Proof: 1t is a direct consequence of Theorem 1 when the time-dependence of
pr(), k=12, is given by (7). [

Corollary 2. BAM (1) is CWEAS(o,a',a”) for all A*eA *, wrew ¥,
fXeF ¥, k=12, if the augmented vector @ = [Otlrazrr e R™" satisfies the
following algebraic inequality

ca>0a, (19)
where @ is given by (16). ]
Similarly to Theorem 2, the following result is available for CWEAS.

Theorem 4. If matrix @ defined by (16) is Hurwitz stable, then there exist two
positive vectors @' € R", ' >0, a> e R", > >0, and a scalar o (-x,0),
so that BAM (1) is CWEAS(o,a',a”) forall 4*eA © wreW * freF *,
k=12.

Proof: If matrix ® is Hurwitz stable, then Lemma 3 ensures the existence of

ceNR, v, (0)<c<0 and a € R"™",a >0, satisfying inequality (19). The

two positive vectors ensuring CWEAS(o,a',a”) result from the appropriate
partitioning of ¢ . u

Remark 4. If BAM (1) is CWEAS(o,a',a®) for all A*cA *, wrew ¥,
f¥eF ¥, k=12, then, for the unique equilibrium point x, :[xir ij]T of each

concrete neural network belonging to this family, we can write

Ve>0,Yt, eR,,Vx, eR",

4 ) . (0
= x|l <& = x(6580,x)-x, || <™, VieR 124,

0 0

where the vector norm || || is defined by |x|* =[Ax]_ , Vx € R™"", with

A=diag{l/a), 1/}, ey, Ve Ve, ey} 21)



This shows that for each concrete neural network the definition of exponential
stability of x, (e.g. [14], pp.107) with respect to the norm || | is fulfilled in the

particular case d(¢)=¢, Ve&>0. Similarly, the definition of global exponential
stability of x, (e.g. [14], pp.108) is satisfied for the particular case M =1,

Vt, eR,,Vx, e R,

4 4 (22)
1x(tstg03,)—x, || < M || x,—x, || Vet

0 0

Remark 5. In terms of the matrix norms induced by the vector norms, the
sufficient condition for BAM (1) to be CWEAS( O',al,az) for all A*eA *,

whew ¥ fk eF ¥, k=1,2, can be formulated as

Hoa(©)=s, (A®A™")<r<0, (23)

where matrix A is given by (21) and g H(M)zliﬁ)l("l +¢M||-1)/s defines a
3

measure for any matrix M € ™, associated with the induced matrix norm || |
(e.g. [17], pp- 30). This is a direct consequence of Corollary 2. ]

4 Particular Cases

The generality of our results on CWAS / CWEAS of BAM with uncertainties
includes some particular cases, which deserve a special interest and allow
meaningful comparisons with the works of other authors.

4.1 CWAS/CWEAS of BAMs with Activation-function
Uncertainties

This case is obtained when 4* = 4" =A4* w*=w'*=w*, kzl,_2 ,in (3) and the
uncertainties refer only to the class of activation functions defined by (5). The
CWAS/CWEAS approach relies on the replacement of the test matrix

@EER(W")X(W"), built according to (16), by the simplified test matrix
Q e R Gefined as:



a5 2l "o o X
o A4 W' o0 J|o A
_[ A' |W2|A2}
At 4

24

with matrices A*, & =1,_2 , given by (9).
Theorem 5. If matrix Q defined by (24) is Hurwitz stable, then

(a) BAM (1) is CWAS( p',p®) forall f*eF *, k=12, if p(t) given by (15)
fulfills the differential inequality

pO=2Qp(t); VieR ; (25)
(b) BAM (1) is CWEAS(o,a',a®) forall f*eF *, k=12, if the scalar o and
the vector @ = [a”a 21']1 e R™™" fulfill the algebraic inequality

oa>Qa. H (26)

Remark 6. The conditions a,.1<0, i=lm, af<0, j=Ln, are necessary for

matrix Q defined by (24) to be Hurwitz stable. Such conditions are formulated as
working hypotheses in most papers dealing with BAMs. ]

4.2 CWAS/CWEAS of BAMs with Parameter Uncertainties

This case is obtained when the activation functions f;', i :l,_m, and sz , J =1,_n,

1

are fixed, satisfying (2), and the uncertainties refer only to the classes of matrices
A F W F, k=12, defined by (4). The CWAS/CWEAS approach relies on the
test matrix ® defined by (16), constructed with A'=diag {LII,LIZ,. . .,le} and
A2 =diag {Lf,L%,...,Lﬁ} , Wwhere Li.,Li >0 are the Lipschitz constants
corresponding to the activation functions, as shown by (2).

Theorems 2 and 4 provide sufficient conditions for BAM (1) to be CWAS /
CWEAS forall A'eA *, W"eW *, k=12.

4.3 CWAS/CWEAS of BAMs without Uncertainties

This case is obtained from cases 4 and B discussed above, when Ak =A"= A",
wh=wt=w* k =1,_2 , in (3), and the activation functions fl.1 , izl,_m, and sz R
J =1,n, are fixed, satisfying (2). The CWAS/CWEAS approach relies on the test



matrix Q  defined by (24), with A‘:diag{L‘l,L‘z,...,L;} and

A= diag {Lf,L%,. . .,Li} , where Li.,Li >0 are the Lipschitz constants from (2).

Thus, Theorem 5 provides a sufficient condition for the componentwise stability
of BAM (1), namely “Q is Hurwitz stable”, or, equivalently, “-Q is an M-
matrix” This result can be compared with others reported in literature for BAMs.
For instance, starting from the same condition on Q and applying Theorem 3.1 in
[2] when delayed states do not occur, only the global asymptotic stability of the
BAM is guaranteed. A similar comment may be formulated with respect to
Theorem 1 in [3] that, for a BAM without delay, ensures only the global
exponential stability.

Those results in [1] dealing with BAMs without delay deserve a special attention.
Corollaries 2.2 and 2.4 from [1] rely on the hypothesis of diagonal dominance for
matrix Q (applied on columns and, respectively, on rows), which means a
stronger test condition than the Hurwitz stability of matrix Q. Under these
hypotheses, the global exponential stability of a BAM is guaranteed by Corollary
2.2 in the sense of Holder norm 1 and by Corollary 2.4 in the sense of Holder
norm oo . The latter result represents a particularization of our CWEAS framework

obtained for a}:af:a, i=l,m, j=1n,in (20) and (21).

Conclusions

This paper provides easy-to-apply algebraic criteria for exploring the
componentwise (exponential) asymptotic stability of BAM neural networks with
parameter and activation-function uncertainties. These criteria are formulated in
terms of Hurwitz stability of a test matrix adequately built from the information
available about the uncertainties. Besides the generality of these novel robustness
results (Theorems 2 and 4), they allow deriving some relevant particular cases for
the analysis of CWAS / CWEAS. Comparisons between the mentioned particular
cases and other works reveal that, for frequently encountered systems (i.e. with
nondecreasing activation functions), our test condition is less restrictive and,
concomitantly, ensures stronger stability properties.
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